A DATASTRUCTURE FOR HIGHER SESQUICATEGORIES

CHRISTOPH DORN

ABSTRACT. We define a higher-dimensional analogue of the type of lists in a inductive-recursive
fashion. Lists elements will live in a “signature”. This signature can be understood as the
collection of generating morphisms of a higher sesquicategories (that is, a higher category without
the exchange law and its higher dimensional analogues). We further discuss a possible extension
of higher lists to “higher lists with duals”.
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0. INTRODUCTION AND OVERVIEW

One of the most basic inductive types is the type of lists list(C) with list elements of type C. It
can be defined with two constructors

(0.1) I:list(C):= | id
| cons(l,p), p:C

where id means the empty list, and cons(l, p) glues an element p of type C to the already existing list
[. This definition for instance entails the natural numbers N = list({ * }) as lists of only one element
*, or strings I'* = list(T") as lists of elements of some alphabet I". A main theme of this work will be
the task to find a reasonable and simple generalisation of this inductive concept in higher dimensions.

While the approach presented here is guided by certain geometric principles, in general there is
certainly no unique answer to fulfil the task of finding a definition of ‘higher lists’. For instance, a
well-known but quite different approach to ‘higher lists’ is that of indexed W-types also known as
indexed containers or polynomial functors: More precisely the definition uses the slice construction
on cartesian polynomial monads . It was shown in that the opetopic approach to higher categories
can be based on this construction. However, the opetopic approach does not support a symmetric
treatment of input and output. Indeed, the polynomial functor approach more accurately describes
what is often called higher trees (which can be regarded as a specific flavor of higher lists).

The present work arose from an attempt to ‘symmetrise’ the (polynomial functor approach of
the) opetopic framework. This framework was already implemented by the proof assistant opetopic
. The original ambition to look for such a symmetrised version of opetopic was the insight that
it would lead to a nice graphical representation for a multitude of logics ranging from classical,
non-linear, non-polarized to linear, intuitionistic, polarized with relevance to process calculi — this
representation will be the subject of future work. Especially the classical aspects of logic are not
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in line with the asymmetric approach of opetopes: From a computational perspective, classical
logic treats values and continuations (or co-values) on equal footing (cf. Wadler’s dual calculus
) while on the intuitionistic side co-values are essentially absent (cf. the A-calculus). Co-values
are also essentially absent from mainstream mathematical thinking, while in theoretical computer
science they are more well-known and used e.g. in the CPS translation . However, duality has
proven a powerful tool in mathematics propelled by the development of category theory and this
possibly means that the strong bias towards values in most mathematical foundations should be
re-thought. In fact, as pointed out on the n-Category Cafe there is a close connection between the
CPS translation and the Yoneda embedding. It shouldn’t come as a too big surprise then that
by taking ‘co-values and co-variables seriously’ we will arrive at a particularly nice formulation of
topics ranging from the Yoneda Lemma to Equipments.

In section 1 the formal definition of our approach to ‘higher lists’, which capture higher dimensional
behaviour of lists. In light of (0.2), the role of list (in dimension n) will be played by the type of
n-diagrams D,,, while the role of C in list(C') (in dimension n) will be played by the type of n-cells
C),. In fact the definition of D,, will be of the form

(0.2) d:D,:= | id
| dv>p,p:C, P(dcp)

where d is an existing diagram and p gets glued to d as an additional list element: The central
difference to (0.2) is that we are not agnostic to where p is glued to d anymore, and this ‘position of
gluing’ is described by coordinates ¢. The condition P(d, ¢, p) will then express that corresponding
boundaries of d and p coincide so that the gluing can in fact take place.

The style in which the definition of D,,,C,, is presented in section 1 is inductive in n but also
inductive-recursive at each dimension: This means D,,, C,, are defined simultaneously with functions
on them, which are required to express P(d, ¢, p) in simple terms. It should also be noted that
both D, C,, are further dependent on an n-signature of type Sig,,, which will be defined as well in
the inductive process. The largest part of section 1 will be concerned with proving the inductive
hypotheses 1.10, proving correctness of the given definitions, and introducing conventions and tools
to work with them.

In section 2 we then go on to consider the following extensions of higher lists to ‘higher lists with
duals’, using the following three steps.

(i) Compositionality. Compositionality means to extend ‘higher lists’ to ‘higher lists of lists’,
i.e. lists can have lists as list elements, or conversely, lists compose to yield list elements.
Importantly, there will be a higher-dimensional witnesses of such compositions to keep track
of this process internally.

(ii) Duality. Duality means that we extend our consideration of list elements to that of co-
elements: Intuitively, while elements are resources or ‘values’, co-elements can be thought
of as deficits or ‘continuations’ (or ‘co-values’) indicating that a value is stilled owed or yet
to be provided. Operations to both create and compensate deficits will be provided and
will be called shifts. The classical analogue is that of dual spaces, e.g. z* € X*:= X — R
‘compensates’ € X by x*(x) = 1. Importantly, deficits themselves qualify as elements and
thus we can form ‘deficits of deficits’ (e.g. X**) and so on: That is (—)* is not involutive,
but we will see X = X** naturally.

(iii) Unitarity. Unitarity combines compositionality and duality, in that it qualifies resources as
‘unitary’ if and only if their corresponding shifts are witnesses of composition which in turn
is the case iff they are unitary (in this sense, unitarity is a coinductive definition).

1. HIGHER LISTS

The definition of n-cells C,, and n-diagrams D,, is both inductive in the dimension n and of
inductive-recursive flavour at each dimension: This means, C,, and D,, as well as certain functions
on these types will be defined simultaneously. Further, we will later introduce paths in the path
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type Idg, , making the definitions below ‘higher inductive-recursive’ (on the other hand, C,, D,
will have decidable equality making them sets and not higher types by Hedberg’s Theorem: Thus,
the reader should understand Id¢, as an equivalence relation on C,). Bundling all definitions
together, the data structure described in the following could be formalised as an higher indexed
inductive-recursive definition. However, we will be agnostic to which specific type theory could be
used for this formalisation.

In later section 2 we will extend the ‘core’ definitions presented here with additional constructors
and equalities, to which (we claim) the core definitional process can be straight-forwardly extended.
In both the core and the extended versions, the following entities will be defined in the n-th step of
the definitional process

(1.1) Sig,, : Type (n-signatures)
F;n) : Sig,, — Sig,,_; (signature projection)

and assuming a signature o, : Sig,, as a parameter we will further define

(1.2) Cn(on) : Type (n-cells)
61-(71) (0n) : Cr(on) = Dp—1(0n) (cell boundaries, ¢ € { 0,1 })
(1.3) D, (o) : Type (n-diagrams)
‘_|(n) (0n) : Dn(0m) = N (diagram size)
[“)i(n) (04) : Dy(03) = (Dp—1(mion)) | (diagram boundaries)
pl(.") (04) : Dy(04) = (Cr(om)) | (diagram processeses)
cl(.") () : Do) — (NQ”)L (diagram coordinates)
(1.4)
(—.=)"(0,) : Dp(opn) X Dp(on) — (Dn(om)) | (concatenation)
_|§") (01) : Dp(0n) = (Dn(on)) | (restriction to ¢ : N°™)

(= » =)™ (0,) : Dyy_1(m104) X Dy(0n) = (Dp(0)),  (whiskering at ¢ : N?")

A few important remarks:

Remark 1.5. (i) Partiality is an issue for the operations in (1.3) and (1.4): Recall that the
notation f : A — B, means a function from A into the flat domain obtained from B
by adding a bottom element B, = B+ { L }, with the extra structure of partial order:
Vb : B.1 < b. Such an f describes a partial function on A, i.e. one that has either a defined
value f(a): B or is undefined f(a) = L, for a € A.

Since the present context is type theory and not domain theory, there are no underlying
orders on types and no restriction on monotonicity of functions. However, for the case of flat
domains only we can assert monotonicity easily by the following convention: All function
definitions of the above form

f A — BL
will be tacitly extended to
f : AJ_ — B

by setting f(L)
(AL ANA") of pointed domains, which is the product (A, x A’ ) up to the identification

= 1. For functions f with multiple parameters we use the smash product
L=(a,L)=(L,d)e (AL NA|)=(Ax A"), . For example, in the case of the restriction
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function from (1.4) this convention implies
L (on) = dl T (on) = L+ (D))

It is important to note that we regard the coordinate c : N2 as another parameter to the
restriction function —|_.
We emphasise that the technicality of using ‘partial functions’ does not carry real impor-
tance to the bigger picture of our discussion and could probably be dealt with otherwise.
(ii) The dependence on the parameter o,, above could of course also be written out as a dependent

type
n-Sig : Type n-signatures
Cn . H Type (TL-CQHS)
oy in-Sig
oM, ol H (Cy(0n) = Dy_1(0y))  (n-cell boundaries)
oy n-Sig
D, : H Type (n-diagrams)
oy n-Sig
|_|(n) . H (Dp(0n) = N) (diagram size)
opin-Sig

However, for clarity in notation, we will usually assume the dependence on an n-signature
implicitly, leading us to drop oy, : Sig,, from our notation as follows:

Cy : Type (n-cells)
3(%”)7 8£n) :Cp — Dyp—1  (n-cell boundaries)

D, : Type (n-diagrams)
-|™ D, >N (diagram size)

(iii) To further lighten notation, we will usually keep the dimension n at which functions act
implicit (as these can be inferred from their arguments). Thus we can simplify the above to

Cyp, : Type (n-cells)
00,01 : Cp, = Dy—1 (n-cell boundaries)

D,, : Type (n-diagrams)
|-|:Dp, - N (diagram size)

(iv) We indicated in the beginning of this section that the above definitions can be bundled
together into an indexed inductive-recursive definition: This means, for instance the definition
of D,, will have dependency on parameters from D,,_;, C,, as well as dependency on the

7‘(") 7|(n—1)

functions of 81-(7’), | . Among these dependencies, C,,, 82("), |7‘(n) will have to be

defined simultaneously with D,, as they lie on the same dimension n as D,,. Also note that the
definition of n-signatures Sig,, will in fact depend on the definitions of D,,_4, 81-("71), |—|(n_1)
making Sig,, part of the inductive process in n, but no mutual induction with other definitions

at dimension n will be required.
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(v) Cn, D, will have decidable equality by virtue of their construction, and thus they are sets by
Hedberg’s Theorem. We will interchangeably use ‘:” and ‘€’ for sets, e.g. write both p: C},
and p € C,. &

1.1. 0-cells and 0-diagrams.

We give the above definitions (1.1), (1.2), (1.3) and (1.4) for the induction start n = 0. The
definitions will become clearer and more detailed explanation will be provided once we do the
inductive step to k-cells and k-diagrams.

(0) First, we note that some of the definitions for the case n = 0 require reference to ‘(—1)-
dimensional diagrams’ D_; and ‘(—1)-signatures’ Sig_;. We thus set

D_1 :{6}
Sig_y ={¢€}

Well will call € the empty cell or empty diagram. We also define size, |—|, boundary 9; and
restriction functions —|, of (—1)-diagrams

|-| : D1 =N
e—lel =0

0 D1 —{Ll}
e O;e =1

—|o : D1 = D4
e €lp=¢

(i) Signatures Sig, (1.1): For n = 0 the defintions for (1.1) are as follows. A 0O-signature oy
is essentially a set A with decidable equality, denoted A : dec-Set. However, we will also
keep track of the (—1)-signature (there is only the empty one, namely €) and the signature
projection to dimension —1 is the projection to this information. Explicitly, we set

Sigy := Sig_; + dec-Set
m1(0op : Sigy) : Sig_; =€
For a 0-signature oo = (¢, A) we will often refer to A = w09 by Go: the set of ‘O-generators’.
(ii) Cells Cy (1.2): For n = 0 the defintions for (1.2) are as follows. For now, the only way to
construct a cell is from a generator:
p€Co:= | cell(g), g€ Go

The boundaries of these cells are given by maps 9y, 01 : Cy — D_1 such that
0001(p:Cy): D_1:= €

(ii)b Cell identities Idc,: The identity type Id¢, is the trivial one, meaning that it does not
contain paths/equations apart from witnesses of reflexivity refl, : p = p.

(iii) Diagrams Dy (1.3): For n = 0 the definitions are as follows: 0-Diagrams are either identities
(written id(b)) of lower dimensional diagrams, or diagrams glued with a 0-cell (written p

(dvp)):
dGDO = | ld(b) 5 bGD_l
| d>p,peCo

if [(9ad), = op ]
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Remark 1.6. The following points should be noted
(a) [A] denotes the support of a type A, i.e. the proposition isInhabited(A) : Prop.
(b) We will sometimes also write d > pas cons(d, p,0,w) to firstly, emphasise that it has

to be read as a constructor, and secondly, to remind ourselves that the constructor
implicitly also depends on a witness

w : [(8|d|d)}o = Ogp ] : Prop

as a parameter.
(c) It is ‘legitimate’ in the following sense to drop w from our notation d % p above: Since

a type of the form [a = b] is a proposition, we know that any two witnesses w,w’ can
be (internally) equated and so cons(d, p, 0, w), cons(d, p,0,w") will be equal, too. We
will thus regard [(8|d|d) ’0 = Opp ] as a ‘side condition’ for the constructor d % p to be

applicable.

(d) For general dimension n, the number below ‘>” will denote a coordinate vector in N7,
but in the 0-dimensional case these coordinates must always be the origin 0 € N° — In
the case of a coordinate being the origin we usually do not annotate it and keep the

additional vector 0 tacit writing > instead of > .
0

(e) Further note that the side condition will in fact turn out to be always true in the
0-dimensional case. To see this we still need to define the functions that were used in it,
namely 0; and |—|. &

Before we define these functions, we recall from the introduction that most definitions of
functions on inductive datatypes T' will be given by some kind of pattern matching with the
following notation: To define a function f : T — T' we write

ft:T):T := | t=constructor(ay,...a;) — value(ay,...,a;)

to mean f(t) := value(ay, ..., a;) if t matches constructor(ay, ...a;). 1" = (T"), we implicitly
add the case t = 1 +— L as was described in Remark 1.5.
Using this notation, the size, process and coordinate maps are given by

|d: Dol :N:= | d=id(b) —0
| d=dvp —|d|+1

pl(d : Do) : (CO)J_ = | d= ld(b) — L
Cdedep o P i=d+1
pi(d) otherwise
ci(d:Dg): (N°) := | d=id(b) ~ L
| d=d'vp — 0 Z:|d|.+1
ci(d") otherwise

The boundary maps for diagrams are given by

e 0<i<]|d
1 otherwise

9i(d: Do) : (D-1)1 12{

Remark 1.7. Recall from Remark 1.5 that the notation f: A — B, means a function from
A into the flat domain of B, which effectively describes a partial function, i.e. one that has
either a value f(a) € B or is undefined f(a) = L for a € A. Let supp(f) C A be the subset
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where f is defined, which we call the support of f. By induction on the strucutre of d € Dg
we see that

supp(A(i : N).p;d) = supp(A(i : N).c;d) ={i |1 <i <|d| }
supp(A(i : N).O;d) ={i|0<i<]|d|}
&

Diagram identities Idp,: As for Cj there are no non-trivial equality paths on Djy. However
it should be pointed out that equality has a description in terms of the functions 0;, p;, ¢; as
follows

dy=dy, d; € Dy
> Vi.(0id1, pidy, cidy) = (0;da, pida, cida)

This could be proven by induction on the structure of d; € Dy. However, in the present case
of dimension 0, in fact neither 9; nor ¢; play a role for equality, as both are constant on their
support. Instead, we can identify O-diagrams essentially with lists of programs writing

d= (pldup2d7p\d‘d)

for
d= (((ld(é) % p1d) % pgd)... % p|d|d) .

In the higher dimensional case, it will become useful to keep track of boundaries and
coordinates and for this purpose we already introduce the following notation

d
d= 3()de>31de>32€1 3|d|—1dpli>3|d|d
Cl(i Czd C|d‘d

Ezxample 1.8. In the present case of dimension 0 this means we write

p1d p2d plajd
d= € e 7€ €€

for
d= (((1d(e) % pld) % pgd)... [5 p|d|d) .

Remark 1.9. In the upcoming sections, the equality type Id¢c, will be augmented by new
equivalences. It is important to note that adding new equalities on types is only admissible
and consistent if all previously defined functions (e.g. 9;,p;, ¢;) on these types preserve the
new equalities, i.e. if they stay ‘well-defined’. &

Diagram operations (1.4): For n = 0, we define
- a function (—.—), called concatenation, which concatenates two 0-diagrams along a
common boundary,
- a function —|,,c € N2, called restriction, that restricts a 0-diagram to a sub-diagram
described by the coordinates c,
- and a function (— E —), called whiskering, which whiskers a diagram d € Dy by the

empty boundary b € D_; at coordinates 0.

For the first we set:
—.— Dy x Dy — (Do),
(d,d') = ((prd, ..., pjajd), (Prd ..., paryd’))
= (p1d, ..., pjgd, pr1d ..., pja|d’)

i.e. in the 0-dimensional case —.— is in fact the usual concatenation of lists, and the common
boundary is always the empty e.
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Restriction is defined by
_|(l,r) : Dy — (Do)J_

(d) = (prd, ., plgyd) > {flﬂ’ -+ Pld|—r) f):;;vémlzl
Lastly, we consider the operation of ‘whiskering diagrams’ at coordinates 0 € N°:
—5— : D_1 x Dy — (Do) |
(b,d) = (¢, (d, ..., pjgd))
= (p1d, ..., pjqd) = d
i.e. in the 0-dimensional case — 5 — is in fact only gluing a list to the empty boundary,
which yields again the list that we started with.

Importantly, these operations satisfy the following Inductive Claim 1.10 for n = 0, which summarises
the inductive hypothesis that we will be working with. The reader should convince herself that
indeed all claims for the case n = 0 follow from the above definitions.

Inductive Claim 1.10. The definitions of the terms stated in (1.1), (1.2), (1.3) and (1.4) satisfy
the following

(i) Forp € Cy,, we have
(1.11) 900op = OpOrp
A190p| 0P = 0j9,p|O1p

called the ‘globular conditions’.
(ii) For dy,ds € D,, we have

dy = do
< Vi.(0;dy, pidy, cidy) = (0ida, pida, c;ds)

and moreover

supp(A(¢ : N).p;d) = supp(A(i : N).c;d) ={i |1 <i<|d| }

supp(A(i : N).0;d) = {i | 0 <i < [d| }
Thus we can write

A= Bod % 010 2% 0sd. -+ 3‘d‘_1d%:j>8|d|d e D,
in order to refer to a diagram d in D,.

(iii) Under the assumption of part (ii) the following holds.

(a) (Whiskering) Given d = 8od%j> 5‘1d%j>82d 5‘|d|_1d%‘dd> Oqd € Dy, and

be Dy_1, then b» d is defined if and only if b|, = dod and in this case we have:

p1d pad Plajd
bed=b——3by ——by -+ bg—1 — b
c cterd cteod c+c‘d‘d

where b; = 0;(bw d) € D,,_1, i > 1, and c+¢; denotes vector addition (cf. Remark 1.13).

(b) (Concatenation) For d,d" € D,, d.d’" is defined if and only if 0iqd = Ood’ and in this
case we have:

d d d Pla d’
d.d = dod P1 o Pjd| g p1 o |4 |d’\d/
c1d clqld cid’ C‘d/|dl
Note that this makes (—.—) associative and thus we can write e.g. d.d'.d" without

brackets.
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(c) (Restriction) For d,d' € D,, we have
o
(1.12) A1y =4d
< d=d.(0dw d).dr , where |dy| =1,|dg| =7

(d) (Distributivity) For d,d’ € D,,, b € D,,_1 we have
b (d.d) = (b > d) . (b’ > d’)
where V' = 0)4/(b > d).
(e) (Stable Boundaries) For d,d" € D,, with Opd = Ood' and O)qd = 0\4\d' and b € Dy,
we have
Oya)(b® d) = Oy (b > ')
in case either the left or the right hand side is defined.

Note that (Restriction) does not directly define how to compute the restriction function, but
describes restriction in terms of the concatenation and whiskering: It expresses that d’ is a sub-
diagram (‘a restriction’) of d, if and only if d can be obtained from d’ by appropriate gluing and
concatenating with the ‘missing parts’ of d (right hand side).

Remark 1.13. We use vector addition and substraction +, — : N?* x N?* — (N) | on coordinates:
While addition of two natural number vectors is always defined, substraction of two vectors is only
defined if it is elementwise non-negative. &

Lemma 1.14. The Inductive Claim 1.10 holds for n = 0.

Proof. Some claims have already been discussed explicitly. Since for n = 0 we observed that D, is
just the type of lists of O-cells (and (—.—) is list concatenation, —|, is restriction to sub-lists and
€ » — is the identity), all remaining claims can be ‘read off” from the definitions. |

1.2. k-cells and k-diagrams.

Let k > 0. We assume that, for all n < k, all terms in (1.1), (1.2), (1.3) and (1.4) have been
defined and satisfy the Inductive Claim 1.10.

(i) k-Signatures Sig, (1.1): For a set Gj : dec-Set with decidable equality and equipped
with maps 0y, 01 : G — Ci—1 we define the k-globular condition globy (G, dy, 1) to be
satisfaction (i.e. inhabitation) of the following equalities:

80809 = 8Oalg
loby, (G, 0o, 0h) =
globy (G, 0o, 01) gl;[k [/\ D)009/909 = Oj,4/019

We then define k-generator sets Geny to be the type of such sets
Genk = Z Z globk(G, 80,31)
Gr:dec-Set 99,01:Gr—Cr_1

Finally a k-signature is given by a (k — 1)-signature together with a k-generator set, yielding
the following type of k-signatures

Sigy, := Sigy_; + Geny,

We define the signature projection m; : Sig;, — Sig,_; to be the actual projection on the first
component:

T o Sigk — Sigk‘—l
Uk:(ak,l,a:Genk) — Ok—1

Below we will implicitly assume a signature o, = (0y,a) (as was already discussed in Re-
mark 1.5). Further we will refer to the set of k-generators mia as Gj.
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k-Cells Cy (1.2): As in the 0-dimensional case, for now, the only way we will allow cells to
be constructed is from generators

peCr:= | cell(g), g€ Gg

The boundary maps 0y,0; : Cx — Dy_1 X Di_1 for k-cells of this form are given by
pattern matching

80(]9 : Ck) : Dk—l X Dk—l = | cell(g) — 5‘09
and
81 (p : Ck> : Dk—l X Dk—l = | cell(g) — 819

where on the right hand sides 9; denotes the boundary function provided by the signature’s
k-generator set.

Claim 1.15. All p € Cy, satisfy the globular conditions (1.11) (forn =k).

Proof. By definition of Jy,0;, this property is inherited from the globular condition on
generators globy (G, 9y, 01). O

k-Cell identities Id¢, : For now, we do not introduce non-trivial identity paths on Cy.

k-Diagrams Dj (1.3): Next we define k-diagrams: As before diagrams are either identities
on lower dimensional boundaries, or they arise from gluing a process p to a diagram d.
Unlike the 0-dimensional case however, the coordinates ¢ ‘where’ to glue the process are now
non-trivial vectors in N?* and implicate a typing condition for gluing: The sub-boundary
in 0)4/d described by ¢, should agree with the boundary dop in order for the gluing to be
well-typed. This is captured in the following definition

de Dy:= | id(b) , b€ Dy
| d > P, p € Cp,ce Nk
if [Ojaid], = dop |
As before we let d > p be equivalently denoted by cons (d, ¢, p,w : [8|d|d’c = 60p}) in order
to keep track of the if-condition (cf. Remark 1.6).
Remark 1.16. We inductively define the empty k-diagram e*) € D;, by
e® = id (e(k_1)>
with (= := ¢ € D_; to start the induction. By convention, we will keep the dimension k
implicit, and just write € € Dy.
The size, process and coordinate functions are defined as for the case k = 0:
|d':Dy|:N:= | d'=id(b) =0
| d'=d > p —|dl +1

pi(d :Dy): (Cr)L == | d =id(b) + L

P i=|d|+1

d=dv>p+—
| P {pi(d) otherwise

ci(d = Dy): (N?F)) .=
| d =id(b) ~— L

p=|d'|+1
| d=dbvp+— ¢ =l |.+
c ¢i(d) otherwise
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For the boundaries we need to refer to the inductive assumption (1.12) which applied to

the side condition on the > constructor says that (matching ¢ with (¢/,1,7),¢ € N2(»=1):
c

94|,y = Oop

= Oqd = (9ad) (D10 d » 0op). (Daid) , » where |(Dqd) | =1](Oaid) 5| =7

R )

With this in mind (and retaining the above notation for (5‘|d|d)L and (8|d‘d)R ) we define

(1.17)

8i(dl :Dk) : (Dk—l)L =
| & =id(b) >—>{b =0

1  otherwise
with ¢ = (,1,7),c € N2(n—1) .
O1q1d) . (010,4d » O1p). (Oyqd 1= |d|+1
| d =cons (d,c,p,w: [dqd| = dop]) — (Otard) , (9 o 1p)- (Qa1d) |d'|
€ 0;d otherwise

We note that the with clause indicates that we performed an intermediate pattern matching
on ¢ and set ¢ to be of the pattern (¢, 1, r).

Claim 1.18. We claim that in the above context

(1.19) (8|d|d)L .(818|d|d (Pl o1p) . (8|d|d)R

is in fact a defined diagram.

Proof. We have to show definedness of the three operations marked in red. We know that
(a\d\d)L .(818‘d‘d : 3()p). (8‘d|d)R

is a well-defined diagram, namely it equals Jj4;d. The globular conditions on C} say that
both 9y0op = 0p01p and 9}, 00p = 0),p|01p- The first globular condition guarantees that
(010)q)d > 01p) is well-defined by the properties of (Whiskering). Together, the globular

conditions also allow us to apply (Stable Boundaries) to deduce

0\0,p|(010)q)d > dop) = 0)a,p|(010)q)d > d1p)

Thus, by the properties of (Concatenation) and since (0;0)4;d » 9op) can be (post-)concatenated
C/
with (8‘d|d)R so can (9;0qd » 01p), showing the second concatenation ‘.” is defined.
c/

On the other hand, the definedness of (pre-)concatenation with (8|d|d) ;, should be clear
as (0;0q)d > 0O1p) still has the initial boundary 0;0,q/d by (Whiskering). Thus we checked

that (1.19) is indeed a well-defined diagram. O

Claim 1.20. The boundaries of diagrams also satisfy the following globular condition, that
is they satisfy the equations

8080(1 = 808|d‘d
Oyoga|Fod = 0\5,, a|9\aid
Proof. In fact, we have

000od = 0p0;d
8|30d|80d = 8‘31.(1‘8@(1
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(1.22)

CHRISTOPH DORN

and this can be seen inductively from the inductive definition of 9;d (it is true for i = 0):
When defining 9;41d the initial and final boundaries of 0;d carry over to 0;11d: Indeed, by
(1.17) the latter is a (Concatenation) of (k — 1)-diagrams of the form

(0:d') ,(D10: ® D1p)- (i)
while the former equals
(0:d"); (0, 0;d’ 5 dop).(0:d")
Here, we defined d’ to consist of the first ¢ processes of d
d' :=id(8pd) c?dpld > pid

The initial and final boundary of 9;41d and 0;d thus coincide by (Concatenation), and by
induction they coincide with the initial and final boundary of dyd. ]

k-Diagram identities: As before we introduce no non-trivial identity paths on D,,. But
before we proceed we claim the following.

Claim 1.21.
(a) For d,dy,ds € Dy we have that firstly,

dy = do
< Vi.(0;d1,pidy, cidy) = (0ida, pida, c;ds)
Secondly, we have
supp(A(i : N).p;d) = supp(A(i : N).c;d) ={i |1 <i <|d| }
supp(A(i : N).0yd) = {i| 0 <7 < |d] }

Consequently, we can write
d d plajd
d= Opd 4 01d —24 Bod -+ Qgp1d ——> Qqd € Dy
Cld Czd C‘d|d

in order to refer to a diagram d in Dy.
(b) Let e be a sequence

P1 P2 Ps
€ = bOTblT)bQ b3_1c4>b5

where b; € (Dg—1),, pi € Cr and ¢; € (N%)L Then e corresponds (in the sense of
part (a)) to a valid diagram d € Dy, if and only if the following ‘boundary conditions’
conditions are fulfilled

Vi € { 1,...,8} . (bi_1|ci = 8()])1

Ab; = (bi—1)p, -(Oibi—1 » O1p;). (bi—1)g , where ¢, (bi—1)r, (bi—1)1 satisfy

¢ = (chliyr) € N [(bi) | =l [(bioa)gl = 1 )
Namely, under these conditions we can take
d=1id(bo) > p1 > p2... > ps
C1 Cc2 Cs

Remark 1.23. In case b;,¢; are defined and boundary conditions (1.22) are met for e
we identify e with d as an element of Dj,. Otherwise we identify e with L € (Dy),. In
either case we see that e € (Dy) | .
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We also emphasise that by properties of (Restriction) the boundary conditions have the
following equivalent formulation

(1.24) Vi € { 1,..., S} . (bil = (bi*1>L .(albi,1 P, 80pi). (bifl)R

Ab; = (bi—1)y -(Oibi—1 » O1pi). (bi—1)

where ¢ = (¢ liyri) € N2 | |(bim) ] =l |(io1) gl = 74 )

2

Proof. part (a): Both statements follow by a standard inductive argument which the reader
is invited to skip. The second statement follows by structural induction on d and the
inductive definitions of d;, p; and ¢;. For instance, in the case of ¢; the statement holds
if d = id(b), as then supp (A(i : N).¢;(id(b))) = 0. For d = d’ > p, we have by induction
supp (A(i : N).c;(d'))) = {7 | 1 <i<|[d'|}. But |d| := |d'| + 1 and ¢|q/41(d) := ¢ # L while
Cis|ar|+1 := ¢i(d') = L and so the statement follows. Similar arguments hold for d; and p;.

Both directions of the first statement follow by mutual structural induction on dy,ds. If
d; =id(b;),7 = 1,2, then for all j, ¢;d; = p;d; = L, and dy matches dy iff b; and by match iff
0;dy = 0;dy for all j. If one of dy, da equals id(b) and the other equals d’ > p then dy, dy do
not match but neither do 9;, cj,p; on them as they have different supports by the second
statement of part (a) which we just proved. If finally d; = d > pi, i = 1,2, then d; = dy iff
dy = db, c1 = ¢ and py; = p iff (by inductive hypothesis for d; and definition of 9;,¢; and
p;) the right hand side of the statement holds.

part (b): For the ‘only if’ direction we assume that e is the sequence of some diagram d.
By part (a) we have

bizaidEDk,0§i§8:|d|
¢; = c;d e N?F | 1<i<s=]|d|
d itself is a diagram of the form

d = id(9pd) c[1>d p1d cEd pad > ... qzdpld‘d

and thus the first boundary condition b;—1|. = Jop; in (1.22) follows from the typing
conditions of constructors > in d, while the second boundary condition b; = (b;—1), .(0ibi—1 »
4 c

01p). (bi—1),, in (1.22) follows from the inductive definition of 9;.
For the ‘if’ direction we need to show that the candidate diagram

d=1id(bo) > p1 > p2... > Ps
C1 C2 Cs
is indeed a valid diagram by exhibiting witnesses of the equalities

<(9i Qd(bo) Pl ope b pz’) >

:dI

= Oopit1

ci

Under the inductive assumption (which is true for ¢ = 1) that

bio1 = 0i—1(di—1) = 01 (id(bo) > p1 b pae CPlpi—1)

the first boundary condition from (1.22) guarantees that 9;_1(d;—1) ¢,_, = Oopi, i.e. we can
glue p; to d;—1. By the definition of 9; and the second condition b; = (b;—1), .(O1bi—1 »
4 c

01p). (bi,l)ri this yields

i

b; = 0; (id(bo) > pp > pa.. b pi) = 0;(d;)
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In this way we can inductively construct the required witnesses. O

(iv) k-Diagram operations (1.4): Using Remark 1.23 to identify diagrams with their respective
sequences, we can define concatenation and restriction directly without resorting to pattern

matching.
We start with the definition of concatenation
(125) —.— Dk X Dk — (Dk)l
p1d plajd p1d’ p|d'\dl r _ '
d, d/ — 80d od c|d|d |d| p—r cld,‘d' 3|d/‘d lf 6|d|d - 80d
1 otherwise

Claim 1.26. Ford,d' € D,,, d.d" € (Dy), is defined if and only if 9)qd = Ood’'.

Proof. If 0)4d # Ood’ then d.d' is certainly undefined. On the other hand, if 0i4d = 0od’
then the given sequence for d.d’ is indeed a valid diagram since it satisfies the boundary
conditions from Claim 1.21 (b). O

Next we define restriction of k-diagrams at coordinates ¢ = (¢/,1,r) € N>(**1) which
uses the definition of restriction in lower dimensions

(1.27)

7|(C',l,r) : Dk — (Dk)J_

d Plda|—rd .
(8ld)|c/ Plt1 / (8l+ld)|c/ N (aldlfrJrld) , Id| / (a|d|frd) ” ifl+r< |d|
d — (ciy1d)—c (cla|—rd)—c
1 otherwise

We remark (in the first case for [+r < |d|) that some of the boundaries (9;d)|[,, or coordinates
(¢jd) — ¢ (cf. Remark 1.13) of the above sequence might be undefined, but that this is
accounted for in Claim 1.21 (b) and Remark 1.23 : In this case the sequence is identified
with the undefined diagram L in (Dy) .

Finally, we give a definition of whiskering at coordinates ¢ = (¢/,l,r) € N2(k+1) " The
definition is quite intuitive and straightforward, however showing definedness will take up a
bit more space.

—:—ZDk,1XDk—>(Dk)J_

id(b) > d > ..D»> d > d if b|. = 0pd
bd o 1 (>01d+CP1 cadtc Pld|-1 c|d‘d+cp‘d‘ 1 |C 0

1 otherwise

In the first case (which assumes b|, = dpd) we need to provide witnesses for the >-constructors’
side conditions to guarantee their applicability. For given b, d and assuming b|, = dod, these
witnesses are constructed inductively as follows:

Construction 1.28. We set ¢ = (¢/,1,r), ¢;d = ¢; = (¢}, l;,r;) and p;d =: p;. Our inductive
assumption is

(1.29) 0; (id(b) > P b p,») =by. <8lb5<9¢d> .br

c1+c

:CL
where bg, by, are such that |br| = [, |br| = 7. This is true for ¢ = 0 by our hypothesis b|. = dod
together with an application of (Restriction). However, d also satisfies the following boundary
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condition (1.22)

Oidl,,., = Oopit
and thus by again by (Restriction)
(1.30) 0;d = (@d)L’Z. . <8li+18id ,P 80])1‘4_1) . (aid)R,i
Cit1

with diagrams (9;d) ; , (0;id) p ; satistying ’(@d)m = r;11. Substituting

(1.30) for 9;d in (1.29) we obtain

= li+1 and ‘(ald)R)l

=br. <8lb >/ ((@d)m <(‘)1’+1(‘)g(/ /P U()[)j+1> .((‘)jd)[{u’i)) .br

b » (@‘d)m-)- <al+li+1aidi > <01,+101(] > 001h‘+1>> -(a|aizi¢|—r—ri+1aiczi > (C‘)id)[{_j> .br

i+1

bL,i bR,i

=bp;. <5’l+li+13¢d¢ > <3l,;+1 did » 3opi+1>> bR,
c Ciig

In the first step we performed the substitution, in the second step we applied (Distributivity)
twice to distribute the three coloured terms, in the last step we condensed notation. Note
that (by properties of (Whiskering) and (Concatenation)) we have

(132) |bL,i| = l + li+1
bRl =7+ riq1

Further, from the sequence representation of (Whiskering) (applied here in lower dimensions
than k) we can read off the following equality

(1.33) Orttyy, 05l > <3zi+13z'd > 8opz'+1> = Oi41,,,0id; 2 Oopi+1
Cit1 ¢ it
Substituting (1.33) into the expression for 8;d; obtained in (1.31) we get
(1.34) 9;d; = br ;. <8l+li+18idi > 5opi+1> bR,
CTCiq

Now (1.34) and (1.32) together imply that the side condition for the constructor application

dig1:=d; > pip1
cit+1+c¢

is satisfied. From our inductive assumption (1.29) on d; we deduce that

divq =id(b) b O N ;
il ( ) ci1+c P1 CiJrcpZ C¢+1+cpz+1

By definition of 9;1 we have

Oit1dit1 = br ;. <8l+zi+13idi /+>/ 31pi+1> b
C c.

i+1
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But from here we can now trace backwards the equality (1.33) and the last two steps in (1.31)
to arrive at

81'_;,_1d~i+1 =byr. <8lb D/ <(0Zd)L7Z <f)// ‘ 1(")/(1 /P 01Pi+l> ((),(])HI>> .bR

Again by definition of 9;41 (this time on d) the right hand side can then be collapsed to
Oit1dit1 = br. (815 > Oiy1d )-bR
Comparing this to (1.29) we see that we have completed the induction step from i to i + 1.

As a consequence, each application of a constructor in

id(b) » d > ..p> _1d b d
id() v pd > Plaj-ad | B Py

is valid under our initial assumption b|, = dpd. Thus whiskering of d on b at c is defined
whenever b|, = dod. O

We have just proven part (a) of the following claim.

Claim 1.35. Concatenation, restriction and whiskering as defined in this section satisfy the
following.

(a) (Whiskering) Given d = &wl%ald%agd 8|d|,1d%8|d|d € Dy, and

b€ Dy_1, then bw d is defined if and only if b|. = Ood and in this case we have:

p1d p2d Plajd
bed=b——3by ——by -+ bg—1 — bjg
c cterd ctead c+c‘d‘d

where b; = 0;(bw d), i > 1, and ¢+ ¢; denotes vector addition (cf. Remark 1.153).
(b) (Concatenation) For d,d" € Dy, d.d’ is defined if and only if 0,qd = Ood" and in this

case we have:

d pja|d d’ Plar|
dd = Bd pid Pl al p1 il 8|d’\d/
cid clqld crd’ C‘d/|d/
Note that (—.—) is associative and thus we can write e.g. d.d’.d" without brackets
(¢) (Restriction) For d,d" € Dy, we have
!
Uea =4

— d=4d5.(0d > d").dg , where |dp| =1,|dg| =7
(d) (Distributivity) For d,d’ € Dy, b € Dy_1 we have
b (d.d') = (b > d) . (b’ > d’)
where b’ = 04)(b > d).
(e) (Stable Boundaries) For d,d” € Dy with Oyd = 0od' and 0)qd = Ojqr)d" and b € D,,_1 we
have

Oya)(b» d) = Oy (b > d')

in case either the left or the right hand side is defined.

Proof. Part (a) was proven in Construction 1.28. Part (b) is just restating the definition (1.25).
With part (a) and (b) at hand, parts (d) and (e) can both be proven from Construction 1.28
by inspection of the inductive assumption (1.29). More explicitly, for (d) the claim (1.29)
implies that

b/ = a\d\(b : d) = bL(alb z 8‘d‘d)bR
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where we set ¢ = (c,1,r), and |br| = I,|bg| = r. Assuming b » d is defined, we thus see
that (0’ » d') is defined iff d.d’ is defined, namely iff 0)4;d = V|, = 9pd’. Thus both sides are

defined iff b|, = dpd and 0)q;d = dod’. In this case, equality of the left hand side and right
hand side follows from comparing processes, coordinates (using (a)) and the first boundary.
For part (e) on the other hand, note that both sides are defined iff b|, = dod = dod'. In this
case, equality follows since by claim (1.29) the left hand side equals

6‘5”(1) : d) = bL.(agb z 8|d|d).bR

where we set ¢ = (¢/,1,7), and |br| =1, |bgr| = r. With the same definitions, the right hand
side equals

8‘d/‘(b : d) = bL((f?lb : 8‘d/‘d/).bR
which by assumption 0|4 d = 9)4|d’ implies the statement of (e).

We are left with proving part (c). Writing out the definition (1.27) for d| we need to

proof the following

c,l,r)’

piy1d Plda|—rd

¢ (aprd)—c (claj—rd)—c

(Od)] (Bja—rd)|, =d'

— d= dL(ald | 2 dl).dR , where |dL| =1, ‘dR| =r

For the = direction we assume the left hand side of the mutual implication holds. Note
that d’ is defined and thus dJ ., ) needs to be defined too. The hypothesis d ;) = d’

implies equality of the first boundary (0;d)|. = 0pd’ and thus (9;d » d’) is defined by part
(a). Further, by hypothesis on d’ and part (a) we obtain

d pi42d Pld|—rd
dw d)= gd—2"" d d)y -+ Og—r_1d )
(Qd» d) = Od -~ (Od)r - (Oid)2 - Dgr P E—— (O1d) |
d d _.d
= 6ld led 8l+1d pz+2d 5)l+2d 6|d|,r,1dp‘Ld>8‘d‘,rd
Crt1 +2 Cld|—r

where we not only computed ¢ + (¢;4;d — ¢) = ¢;4:d but also equated (9;d); = 9;4.d: To see
why this can be done we first note both sequences are valid: The first sequences was derived
by part (a) satisfying (a)’s definedness condition. The second one is valid because it is a
subsequence of d, and thus fulfills the boundary conditions (1.22). But then, having the same
initial boundary as well as the same processes and coordinates both sequences determine the
same diagram (cf. Claim 1.21) and thus can be equated. Setting

pid

dy = 9d—"%01d.. ad € Dy,
c1 cy
Pld|—rt1d Plad
dR = a\d‘—'r'd m 3|d‘_r+1d. .. T a‘d‘d € Dk

by part (b) (describing concatenation) we obtain d = dr,.(9;d » d').dg as required. Also note

(&3
that |dr| =1, |dg| = r as they are described by sequences of length [ and r respectively.
For the <= direction we assume the right hand side of the mutual implication holds. First
note that d is defined and so we must have [ +r < |d| and 9,d|, = dod'. Further, setting

/ , _pid ’ p‘d,ld/ '
d - 30d ﬁald & aldlld € Dk
C1

©lar]
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we can apply part (a) yielding
1d’ od’ p|d"d/
(Qdw d') = Oid %’ (O1d)1 ﬁ (Od)2 -+ (Od)|ar)—1 ﬁ (O1d) a1
(& CcTC1 CcTC2 (& Cld/

However, since dr,.(0;d » d’).dg = d and applying part (b) we also have

, pr41d Pry2d Pryfar)d
@d e d') = Oyd—2 Oy d — 220 Oy ad - g1 s By
c +1d Cit2d Crylar|d

And thus we can equate for

(01d); = Op+id , 0<i<|d]
pid' = pryad , 1< <|d|
c+cid = cpyqid , 1<i<|d]

and thus
cd = (cd) —c 1 <i<|d|
Together with the previous observation that 0;d|. = dyd’, we deduce as required

pry1d Pld|—rd
(cr41d)—c (claj—rd)—c

(9d)],

(Oa-rd)|, =

because any diagram is uniquely determined by its processes, process coordinates and a
single boundary (which either follows by definition of 9; or, for the present case of the initial
boundary it can also be seen from Claim 1.21). O

Lemma 1.36. The Inductive Claim 1.10 holds for n = k.

Proof. The required proofs have been done in Claim 1.15, Claim 1.21 and Claim 1.35.

2. LISTS WITH DUALS

As explained in the introduction, the previous section describes the ‘core’ datatype to capture
the behaviour of higher lists. We will now extend this behaviour in three usefule ways: Namely to
include Compositionality of lists (‘higher lists of list’), Duality of list elements (which means
elements can be both resources/values or co-resources/continuations) and Unitarity which coin-
ductively describes when a resource and co-resources compose to the identity.

The discussion of the first two of these extension will follow the same scheme: We extend the set
of constructors for C,,, define Jdy, d; on these extensions and show that they satisfy the globular
condition. This is the required extension of Claim 1.15, and in fact the only required addition to
the inductive step Lemma 1.36.

Before we proceed we introduce the following useful definition and notational convention.
Definition 2.1 (Segments). For a diagram
d= (bo%bl —>-~-—>bk_1i—:>bk> €D,

we define, for 0 < < j <k, the [i, j]-segment of d, denoted by dj; ;}, as follows

i3]

Pit+1 pPj
d[i,j] = (bi*>b¢+1 — *)bj_l T}b] >

Cit1

As a shorthand we set d;) := d[; ;11), and refer to it as the ith segment of d. We also emphasise
that dj; ;) = id(9;d) = id(b;). L 4
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Notation 2.2 (Processes are size 1 diagrams). For any p € C,,, id(9pp) > p is a defined diagram of
size 1 since the side condition for application of > is manifestly fulfilled (recall that if coordinates
are kept implicit by convention we assume them to be 0 € N??). Conveniently, we have that
0;(id(9g) > p) = 9;p,i = 0,1. By abuse of notation we then set

p =id(dop)>p € Dy,

In this way, we can associate cells to diagrams of size 1. Since in sequence notation we could also
write these diagrams as

. p
id(dop) >p = dop —— O1p
we will often use the notation
p: Oop—— 0O1p

for a cell p. Moreover, » and > collapse under this convention, in the sense that, whenever b|. = dop
we have

since dg(—), c1(—), p1(—) coincide for the left and the right hand side (on the right hand side we
force p € D,, by the identification that was just introduced). &

2.1. Compositionality.
For all n € N, composition of diagrams yields new cells which we denote by:
p:Cp = .
| (d), de Dy
These compositions are witnessed by higher cells, and thus we further extend C,,;1 as follows

p:c’rz,+1 =
| d=(d), de D,

Having introduced new cells, we now need to extend the boundary function (9p,d;). For (d) we do
so by setting

8o (d) = od
01 <d> = (3'|d|d

For (d = (d)) we use Notation 2.2 such that the following boundaries for witnesses of composition
in C),4+1 make sense:

(2.3) Bo(d = (d)) = d
o(d = (d)) = (d)

Finally, we need to verify that the globular conditions for (1.15) stay true. After substituting the
above definitions, in the case of (d) we need to verify the following (highlighted in blue)

8000 (d) 1= pdod = Dodyqd =: Dods (d)
Bona 0 {d) = Dlo,aidod = )y, o Djard = Doy (ay O (d)
and in the case of (d = (d)) in C),11 we need to verify
Dodo(d = (d)) = od = o (d) =: QoD (d = (d))
D0 (d= ()| Do(d = (d)) := Oyqyd = 1 (d) = D\, (4=(ay) D1 (d = (d))

Now, the first two equations follow from Claim 1.20. The last two equations are true by definition
(2.3).
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Remark 2.4 (Composition and identities). For later use we introduce the shorthand

1(d) := (id(d))

2.2. Duality.

Dualisation yields new cells for all n € N as follows:

p:Cp =
| p", peCy
These duals (or ‘deficits’ as discussed in the introduction) are introduced and eliminated by higher

cells called shifts. Since elimination will in fact be dual to introduction itself, we need to extend
Cp+1 only with the (two) shift cells for, say, elimination as follows

p: Cn,+1 =
| TR(p) , P E Cn
| TL(p) , p€Cyp

We will refer to Tr (p) as right elimination, T, (p) as left elimination and introduce the shorthands
Ir(p) = (Tr®), 1L (p) = (TL (p))* referred to as right introduction and left introduction
respectively.

As for compositionality we need to extend the boundary maps onto these new cells and we do so
as follows

(25) aop* = 31])
op* = Oop

From this definition we see that assuming inductively p satisfies the globular conditions, it follows
that p* satisfies the globular conditions for Claim 1.15 as well.
For shifts we then define

TR (p) =
TR (p) = (3017)
T (p) =
n'lr(p) = (3119

Note that e.g. p.px is (by Notation 2.2 and (Concatenation)) the following diagram
* p P~
pp" = Oop —5— p —5— op

This has the same initial and final boundary as id(9pp) and thus the globular conditions are fulfilled
for Tg (p) and Claim 1.15 can be extended accordingly. The same argument shows this also holds
for T, (p).

We now extend dualisation and shifts (which so far only act on cells) to diagrams:

(i) Dualisation on diagrams (—)* : D,, — D,, is defined by

Pld

d
d = Bod 0 1d 20 Dad -+ D ad s
Cld|

o dt = 8‘d‘d—>(p‘d‘) Ol 1d—>(p“” O D - ald—>(p1d) Bod
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We should show that the sequence given for the image of d indeed describes a valid diagram
(in the sense of Claim 1.21). Note that d € D,, implies that

Oi1d "5 0y

is a valid diagram. In particular, setting ¢;d = (c},l;,r;), we have by the boundary conditions
(1.24)

Oi—1d =b; L. (@ﬁild > 3()Pid> bir
= bi,L~ <0li81-_1d P{ 81(p1d)‘) ~bi,R where ‘bi,L| =1 R ‘bi,R| =T
8id = bi,L- (6li8i_1d P/ 81pid> ~bi,R

81.8i,1d P/ 80(pid)*) -bi,R where ‘bi,L| = li s ‘bi’3| =7T;

i

for some diagrams b; 1, b; . Here we used the definition of (p;d)* and its boundaries (2.5).
It follows that the sequence

&ﬂ%%&qd

satisfies the boundary conditions (1.24) and is also a valid diagram. Thus the defining
sequence of d* given above, which is a (Concatenation) of the subsequences (2.6), is a valid
diagram as well.

The (right eliminating) shift for a diagram d € D,,, denoted by Tg (d), can be defined quite
elegantly by induction on the size of d, k = |d|. However, we remark this is not the unique
way in which the cell Tx (d) could be defined (cf. Remark 2.9).

Construction 2.7. We claim inductively in k = |d|, that for all d € D,,, |d| > 1, we have a cell
Tr(d) : d.d* — id(0od)
Proof. For k =1, we can take

d = (bo » p)

C

where b; = 0;d, and thus

Using (Distributivity) we find

And thus we can set Tg (d) to be the composite of the diagram

d.dx = by » (p.p*)
c

(C,O,O)JTR(T’)
id(Bod) = bo » (id(30p))

For general k, assuming T (d') has been constructed for all d’ with |d'| < k, we can take

d = (bo > p1)-dp1 k)
1
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where b; = 0;d, and d; 1) denotes the [1, k]-segment of d which is of size £ — 1 (and was
defined in Definition 2.1). We have

d = ((bo : p1)~d[17k]) =dfy 3-(b1 : p1)
and we can then set Tz (() d) to be the composite of the diagram

d.d*
= (bo > p1)-diy iy (b1 > )
(0,1,1%?3((1[1‘&,])
(bo : p1).id(Jodp1 k) (b1 ; p7)
= (bo > p1)-(b1 > pi)

Dis .
= (ko e (101)

(c1 70,0)\% r(p1)

(bo » (id(Jop)))

=1d(9od)
which completes the inductive construction of Tg (d). &

Definition 2.8. In the same inductive fashion, but using the other remaining shifts

TL(p),+r (p),+e (p)
instead of T (p), we can define, for d € D,, |d| > 1, the following (n + 1)-cells

For all of their constructions no new difficulties arise, and thus we can safely leave them to
the reader.

Remark 2.9. While we already remarked that the above construction is not the only reasonable
way to construct Tg (d), we claim that all such correct constructions are in fact the ‘equivalent’, in
the sense that their equivalence is witnessed by higher cells which are marked as equivalences. The
notion of equivalences, or synonymously, the notion of unitary cells, will be discussed in the next
section.

Definition 2.10. We define left and right transposition for a (n + 1)-cell f
f:00f = Ouf

(i) The left transpose, denoted by

F17 0 (00f)" = (00f)"



(iii)

A DATASTRUCTURE FOR HIGHER SESQUICATEGORIES 23

is the composite of the diagram

(O11)*
= (O, f)*.id (0000 f)

(0,181 £1,0) | +r (8o )
(O f)* (00 f)-(D0f)"
(@01 11,100 f]) | F
(O f) (01 f)-(Dof)*
(0,0,[00 /1) | T2 (91d)

i('{(é)‘()l(]‘é)l /)(80f)*

= (0of)
This sequence is indeed a valid diagram as it manifestly satisfies the boundary conditions
(1.24).
The right transpose, denoted by

Frm (@) = (0of)"
is the composite of the diagram
(of)
= id(0)g,)00 f)-(01f)*
(0,0,|01 f]) | +£(B0 f)
(Do f).(Dof) (O f)
(©.100 fl.101 f1) | £
(Do f)*-(Ouf).(O0f)"
(0,100 £1,0) | Tr(81d)
(Oo f)*id (0001 [)
= (0o f)"

which again is a valid diagram, as it manifestly satisfies the boundary conditions (1.24)
(domain and codomain of shifts are marked in color for better readability).
Similarly, but under the condition the boundaries of f are duals of diagrams themselves, i.e.

aOf:daaalf:d’{ )

we can define the following composites in analogy to the definitions above

. 41 (do) " f " Tr(d1)
= d ———di.dj.dy —— di.dj.dy ———— do
(0,]d1],0) (0,1d11,ldol) (0,0,]dol)

and

Lr(d T (d
= (ap =2 g dy — s do.drdy —2 s g
@011 (©ldol1da ) @ ldo],0)

It is important to reiterate that these definitions only apply if the boundaries Jyf, 01 f
can be written as the duals of some diagrams dy,d; — as a shorthand we will write this as

df,01f € Dy,
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Importantly, from the definition of left and right transposition we see that
(2.11) O f™ =dof™ = (0uf)"
ouf't =0 f" = (2f)
and similarly, if 0y f = d§, 01 f = dj € D}, we have
(2.12) Dof* R = o f*t =dy
ofr =ouf'r =do

Definition 2.13. Dualities and shifts (and consequently transpositions) generate a broad range
of new cells, and it will turn out to be natural to equate some of them. We will do so now, by
‘augmenting’ Idc, by certain equivalences. As noted in Remark 1.9, these equations need to be

admissible in the sense that all previously defined functions on C,, (namely Jy, 9;) preserve them.
For dualities we introduce the following

Ide, = | (d)" =(d*) , whered € D,
| p1=p2 , where p; € Cy,p] = p

The first equation says dualisation and composition commute. The second equation says dualisation
is in fact injective. Both equations are seen to be admissible by the definition of boundaries of
dualised cells p* (2.5) and cells from composed diagrams (d) (2.3).

We recall from the introduction that the peculiar notation

Ide a=b, P(a,b)

]

should indicate a path/equivalence of type Id¢, (a, b) can be constructed for approriate a, b satisfying
P(a,b): Again, we do not care about the naming of such a path as C, is in fact a set.

Ezample 2.14. For 1(d) the previous equalities imply for instance
1(d)" 1= (id(d))° = (id(d)") = (id(d)) = 1(d)
ie. 1(d)* = 1(d) is a fixed point of dualisation. &

Next we consider equations related to transposition. We introduce the following

e, ., ... | ff=f" = fT | where f € Cpis
| R =t = L where f € Cpy1,0;f € Dy,
| ()= , where f € C, 4
| ()T =f , where f € Cy,11,0:f € Dj,

While the first two equations equate left and right transposition and ‘co-transposition’, the last
two equations record that those two operations are in fact inverse to each other. For the first two
equalities admissibility was verified in (2.11) and (2.12). From there it can be equally derived for
the last two equations. Further we introduced the shorthand f7 to denote the left or right transpose
of f, and f! to denote its ‘co-transpose’ if it exists.

Finally, we consider how transposition interacts with special cells we have defined so far, namely
identities 1(d) := (id(d)) and witnesses of composition d = (d). We equate the following

Ide,,, = ... | 1(d)T =1(d") , where d € D,

| (d= (d)T = (d* = (d*))* , whered € D,

It can be safely left to the reader to trace back definitions and verify that both equations are
admissible (i.e. dy, 01 coincide on the cells that are equated by these two new equivalences). <
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2.3. Unitarity.

Unitarity of a cell marks when this cell witnesses an equivalence between diagrams, and witnesses
of composition are one such example. Compositions and unitaries are the ‘invertible’ cells in some
sense. On the other hand, a cell is unitary iff its left and right shift are unitary and not just mere
cells. This calls for a coinductive definition which we write as follows

Definition 2.15. Mutual invertibility for cells p1,ps € Cy,, written inv(py, p2), and unitarity of a
cell p € Cy,, written is_uni(p), are defined as follows

inv(p1,pe) := Jeg : p1.p2 — 1d(dop1)
A e pa.p1 — 1d(01p1)

s.t. is_uni(eq) A is_uni(eg)

is_uni(p) = is_uni(Tg (p)) A iscuni(Ty (p))
Note that the dimension n is implicit for the predicates inv and is_uni. &
Construction 2.16. We postulate unitarity of the following cells:
- Invertibility implies unitarity, that is for p € Cy,:
(Fp' € C,.inv(p,p’)) = is_uni(p)
- Identitites are unitary:
is_uni(1(d))
- Witnesses of composition are, as promised, unitary:
is_uni(d = (d))
- Unitarity is preserved under composition, for d € D,,:
(Vi.is_uni(p;d)) = is_uni({(d))
- Unitarity is preserved under transposition, for p € Cj,:
is_uni(p) = is_uni(pT)
(- By Lemma 2.18, Unitarity is also preserved under dualisation, that is for p € C,:
is_uni(p) = is_uni(p*) )

Definition 2.17. We define Uni,, = {p | p € C,,is_uni(p) }.

Lemma 2.18. The following are consequences of the above definition. Let p € C,,. Then
(i) is_uni(p) = 3p’.inv(p, p’)
(#) is_uni(p) = is_uni(p*)
(iii) Let e :p — p'. If is_uni(p),is_uni(e) then we have is_uni(p’) .
Proof. Part (i) follows with p’ = p* and setting ¢; = T (p), ca = T (p) which indeed satisfies the
conditions for invertibility and thus yields
is_uni(p) = inv(p,p*)
Part (ii) is a consequence of part (i), invertibility being symmetric inv(p;,p2) < inv(p2,p1)
and invertibility implying unitarity:
is_uni(p) = inv(p, p*) = inv(p*, p) = is_uni(p*)
Part (iii) follows from p’ being having p* as a mutual inverse under the stated assumptions: This
is witnessed by

* e * T (p) .
¢ = <p’~p Go PP — id(9op') >
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and
! R L 1 () ,
= PP p—1d(d1p")

Both ¢} are unitary since they are composites of unitary cells, and thus serve as the required
witnesses for

inv(p', p*)
The statement follows from inv(p/, p*) = is_uni(p’). O
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