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INTRODUCTION

Framed combinatorial topology is a theory providing a constructive com-
binatorial description of phenomena that arise at the intersection of stratified
topology, singularity theory, and higher algebra. The theory synthesizes ele-
ments of classical combinatorial topology with a novel combinatorial approach
to framings. The resulting notion of framed combinatorial spaces has unex-
pectedly good behavior when compared to classical, nonframed combinatorial
notions of space. In describing this behavior and its contrast with that of
classical structures, we emphasize two broad themes, ‘computability in com-
binatorial topology’ and ‘combinatorializability of topological phenomena’.
The first theme of computability concerns whether certain combinatorialized
topological structures can be algorithmically recognized and classified. The
second theme of combinatorializability concerns whether certain topological
structures can be faithfully described by discrete combinatorial means. Com-
bining these themes, we will find that in the context of framed combinatorial
topology, we can bypass the fundamental classical obstructions and obtain a
computable combinatorial representation of topological phenomena.

We begin this introduction by elaborating the themes of computability
and of combinatorializability, in Section 1.1 and Section 1.2, respectively. We

A preliminary version of this work appeared as arXiv:2112.14700.
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X INTRODUCTION

then give an illustrated sequential summary of the core content in Section 1.3,
and a panoramic outlook for framed combinatorial topology in Section 1.4.
We end with a concise global outline and a modular navigational guide.
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I.1. Computability in combinatorial topology

Computability is the ability to solve a general problem by a general
method, that is to write a step-by-step procedure which, for each specific
instance of a problem, computes a solution. Combinatorial topology is a
computation-oriented foundation for the study of spaces, in that it encodes
spaces in discrete structures [RS72, Bry02]|. However, many fundamental
problems in combinatorial topology turn out to be computably intractable
[Mar58, VKF74, CL06, Wei05|:

> Disk recognition. The statement ‘The simplicial complex K is homeo-
morphic to the n-disk’ cannot be computably verified, for general finite
complexes K. This uncomputability impediment remains in the piece-
wise linear setting: the statement ‘The simplicial complex K piecewise
linearly subdivides the n-simplex’ cannot be verified either. Hence,
one cannot constructively enumerate all topological subdivisions of the
n-disk, nor all piecewise linear subdivisions of the n-simplex.

> Homeomorphism problem. More generally, it is impossible to algorith-
mically decide whether two simplicial complexes K and L have home-
omorphic, or piecewise linearly homeomorphic, geometric realizations.
Similarly, given two embedded, or piecewise linearly embedded, sim-
plicial complexes K — R" and L — R", one cannot determine, in
general, whether the embeddings are ambient homeomorphic, or ambient
piecewise linearly homeomorphic.

> Manifold classification. Moreover, the statement ‘The simplicial complex
K is homeomorphic to a manifold” cannot be effectively validated, and
neither can the statement ‘The simplicial complex K is a piecewise
linear manifold’. Thus, one cannot constructively enumerate all simpli-
cial complexes homeomorphic or piecewise linearly homeomorphic to
manifolds, nor decidably classify homeomorphism or piecewise linear
homeomorphism types of manifolds.

One could view these failures of computability as unavoidable imperfections
of mathematics as we know it, or one can see them as failures of the classical
simplicial methods of combinatorializing topological structures. Adopting
the latter viewpoint, one may hope for a form of combinatorial topology
with better computability properties, for instance in which one can recog-
nize combinatorial disks, decide combinatorial homeomorphism, and classify
combinatorial manifolds.

The first theme of this book is that, though typical simplicial methods
do not provide an entirely computable foundation for combinatorial spaces,
there is an alternative approach, using framed combinatorial spaces, that may
provide a more suitable infrastructure for computable combinatorial topology.
Our theory of ‘framed combinatorial topology’ differs in two fundamental
respects from classical piecewise linear topology: first, we endow simplices
and simplicial complexes with a combinatorial framing structure, and second,
we generalize the resulting class of framed simplicial complexes to the broader
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class of framed regular cell complexes. Though classical regular cells are
much less tractable than simplices—indeed even the list of cell shapes is
uncomputable—it will turn out that framed regular cells arise as iterated
constructible combinatorial bundles and therefore both these cells and their
complexes are, remarkably, algorithmically classifiable.

A classical frame of an m-dimensional vector space is an ordered choice
of m linearly independent vectors. A combinatorial frame of an m-simplex
will be an ordered choice of m vectors forming a spine of the simplex. To
make sense of a frame on a simplicial complex, we need a notion of the
compatibility of frames along faces shared between simplices. The restriction
of a frame of a simplex to a face not only gives a frame of the face but also
remembers how that restricted frame embeds in the ambient frame of the
simplex; that memory constitutes the structure of an ‘embedded frame’ of
the face simplex. A framed simplicial complex will be a simplicial complex
with compatible embedded frames on all its simplices.

Regular cell complexes, that is those complexes whose attaching maps
are injective, generalize simplicial complexes by allowing cells of arbitrary
polytopic shape. Regular cells can be identified with the geometric realizations
of their face posets, and via that identification they obtain piecewise linear
simplicial subdivisions. A framing of a regular cell will be a framing of its
simplicial subdivision, which is constructively framed contractible or ‘framed
collapsible’, in the sense that it admits a collapse sequence respecting the
frame order of its vectors. A framed reqular cell complex, then, will be a
regular cell complex with compatible framings on all of its cells.

A space with a homeomorphism to a regular cell complex is ‘cellulated’,
as a space with a homeomorphism to a simplicial complex is ‘triangulated’.
The fact that cellulated spaces are less prominent than triangulated spaces
in classical combinatorial topology is partially due to the aforementioned
fundamental computability obstruction: it is impossible to classify all the
shapes of regular cells, in the sense that one cannot systematically produce a
list of all regular cells with a given number of faces; in particular, there is
no algorithm for deciding whether a poset is the face poset of a regular cell,
even though there are only finitely many posets of any given size. Endowing
regular cells with a framing overcomes that obstruction: framed regular
cells are classifiable. Specifically, given a poset together with a framing of
its nerve simplicial complex, we can algorithmically recognize whether the
poset is the face poset of a framed regular cell. That recognition is possible
because we will classify framed collapsible framed regular cell complexes by
a novel elementary combinatorial structure, called trusses, which are iterated
constructible bundles of oriented fence posets.

Framed regular cells strike an unlikely and delicate balance, being simul-
taneously a class of shapes that is tractable (unlike ordinary regular cells) and
also a class of shapes that is quite general (unlike ordinary simplices). The
generality of the shapes of framed regular cells accomodates the existence of
unique combinatorial representatives in a manner that is unthinkable with



I1.1. COMPUTABILITY IN COMBINATORIAL TOPOLOGY xiii

simplicial structures and unknown with any other class of shapes. Indeed,
framed regular cell complexes admitting a framed realization map to eu-
clidean space, concisely called n-directed acyclic graphs, have computable
unique coarsest cell structures. Having such canonical cellulations makes
algorithmically decidable almost any question about these complexes; for
instance, framed homeomorphism of n-directed acyclic graphs is decidable,
in marked contrast to the classical (nonframed simplicial) situation. Hence
framed regular cells and their complexes provide finally a computable context
for combinatorial models of spaces.
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1.2. Combinatorializability of topological phenomena

Combinatorics is primarily concerned with discrete, and often finite, struc-
tures whose constituents can be counted. Topology by contrast is primarily
concerned with the continuous structure of spaces. The ‘combinatorializ-
ability’ of topological phenomena refers to the ability to faithfully encode
continuous objects in discrete or finite data structures. Such a faithful en-
coding depends both on having a combinatorial representation of the objects
in question, and on knowing that the representation is unique up to some
specified combinatorial equivalence relation.

There are by now various known instances of topological phenomena that
cannot be faithfully combinatorialized, or even combinatorialized at all, giving
an impression of a mysterious and insurmountable divide between topological
spaces and any discrete representation of those spaces. A headline instance
of this divide is the disproven Hauptvermutung, a conjecture that, roughly
speaking and in various guises, claimed that topological equivalence coincides
with piecewise linear equivalence [RCS196|. This intuitive, presumptive
claim was eventually disproven by the explicit construction of homeomorphic
piecewise linear spaces that are not in fact piecewise linearly homeomor-
phic, and even of piecewise linear manifolds that are homeomorphic but not
piecewise linearly so [Mil61, KS69, Don87|.

The failure of both the combinatorial triangulation conjecture and the
simplicial triangulation conjecture established a further especially stark gap:
there exist closed topological manifolds that admit no piecewise linear struc-
ture [KS77, Fre82|, and ones that in fact admit no triangulation whatsoever
[Cas85, Man16|. (It will be pertinent later that most instances of this
classical topological-combinatorial gap rely on certain infinitary or ‘wild’
topological constructions.) These and other revelations quantified the divide
not only between the ‘continuous’ and the ‘combinatorial’, but also between
the ‘combinatorial’ and the ‘smooth’ conceptions of space. Smooth manifolds
always admit triangulations and all triangulations of a smooth manifold are
combinatorially equivalent [Whi40]. However, smooth manifolds that are
not smoothly isomorphic may nevertheless be combinatorially isomorphic
[Mil56, KM63|, and combinatorial manifolds need not admit any smooth
structure [Ker60, HMT74].

One might dream of a topological foundation or combinatorial framework
in which the mismatches between the continuous, combinatorial, and smooth
conceptions of space would, at least to some extent, be lessened. One could
imagine, for instance, either a discrete, perhaps infinitary, combinatorial
theory that faithfully represents a delineated class of relevant continuous
phenomena, or a discrete, perhaps finitary, combinatorial theory that suitably
encodes smooth configurations. Each of those two visions has been pursued, to
some but not complete satisfaction: for instance, an ‘o-minimal’ formulation
of tame topology provides a method for excluding wild topological structures
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[VAD98, Shil4]|, while a ‘matroid’ approach aims for a direct combinatorial
description of smooth tangential structures [Mac93, GM92, BLVS*99].

The second theme of this book is that, in contrast to the classical discrep-
ancy between the topological and the combinatorial, in our setting there is a
faithful correspondence between framed topological and framed combinatorial
phenomena. Furthermore, we contend that framed combinatorial structures
also faithfully encode framed smooth phenomena, and therefore could provide
an unexpected unification of the continuous, combinatorial, and smooth
perspectives on space. Our framed topological structures will be a form of
‘espaces modérés’ [Gro97| called tame stratifications. These stratifications
are framed by an embedding in standard euclidean space, and they are tame
in that they admit refining meshes, which are cellulations by framed regular
cells; this cellulation requirement is analogous to working with triangulable
spaces and therefore excluding, a priori, certain wild behavior. These refining
meshes are iterated constructible bundles of stratified 1-manifolds, and will be
a precise topological counterpart of the iterated constructible combinatorial
structure of trusses.

The chain of associations, from a tame stratification to its mesh cellulation
to the corresponding combinatorial truss, does not by itself necessarily ensure
a faithful combinatorialization of tame stratified topology. As a space can have
various inequivalent triangulations, a tame stratification could in theory have
various inequivalent refining meshes (and therefore corresponding trusses);
however, crucially, a tame stratification always has a unique compatible
coarsest mesh. This uniqueness follows from a conceptual inversion of the
classical approach: given two triangulations of a space, traditionally one
aims (and fails) to construct a mutual refinement and thereby verify their
combinatorial equivalence; now instead, given two mesh cellulations of a
tame stratification, we construct a canonical mutual coarsening and thus
establish the requisite combinatorial equivalence. Altogether, the truss of
the coarsest mesh refinement of a tame stratification provides the desired
combinatorialization of topological phenomena in standard framed euclidean
space. Moreover, that combinatorialization is faithful: we will prove the
framed Hauptvermutung, that framed stratified homeomorphism coincides
with framed stratified piecewise linear homeomorphism.

Regarding the combinatorialization of smooth phenomena, we will hypoth-
esize that any smooth manifold can be represented as a tame stratification
(via a generic embedding in euclidean space), and that the resulting combina-
torial representation as a truss completely and faithfully encodes its smooth
structure. The plausibility of that faithfulness arises from the rigid structure
of tame stratifications, built up constructively and inductively from elemen-
tary stratified intervals, according to the combinatorial arrangement of the
classifying truss and with insufficient slack for wild or exotic identifications.
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1.3. Summary

We give a lightning linear summary of our core definitions and results;
each display is linked to the corresponding, decompressed version in the main
text. We interleave the first of many illustrations, which by themselves serve
as a concise graphical overview of the theory.

Framed combinatorics. We begin by defining a framing, in fact more
generally an embedded framing, on a simplex; thus equipped, we introduce
the notion of framing on two fundamental combinatorial topological structures,
namely simplicial complexes and regular cell complexes.

DEFINITION 1 (Framed simplices, simplicial complexes, and cell com-
plexes; Defs. 1.1.41, 1.2.7, 1.3.34). An embedded framing of a simplex is
an injection of the spine of the simplex into the standard spine of a standard
simplex. A framing of a simplicial complex is a choice of compatible
embedded frames of its simplices. A framing of a regular cell complex is
a framing of its simplicial subdivision which is collapsible on each cell.

The standard spine of the standard n-simplex is canonically the numeral set
{1,2,...,n}; thus an embedded frame of a simplex is an assignment of a
numeral ‘frame’ label to each of its spine vectors. A framed simplicial complex
is ‘collapsible’ when it admits a sequence of elementary edge collapses, which
proceed in the frame order of its simplicial vectors (Definition 1.2.31). A
framed cell complex is collapsible when its simplicial subdivision is collapsible;
such a complex admits a framed ‘realization’ map into euclidean space.
More generally, an ‘n-directed acyclic graph’ is, by definition, a framed cell
complex that admits a framed realization map to (not into) euclidean space
(Definition 1.3.75). In Figure I.1, we illustrate two embedded framed simplices,
a framed simplicial complex, and a framed cell complex; the frame labels
of each simplex are indicated by the number of arrowheads on its simplicial
vectors, and the framing of each cell is indicated by a multiarrow along its

primary frame axis.
-

L 5%

FiGURE I.1. Framed simplices, a framed simplicial complex,
and a framed cell complex.

Though it is impossible to classify regular cells or cell complexes, we
can indeed classify framed regular cells and cell complexes. The relevant
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classifying combinatorial structures are based on ‘trusses’, which are iterated
constructible bundles of framed fence posets.

DEFINITION 2 (Trusses; Defs. 2.1.10, 2.3.1). A 1-truss is a fence poset
equipped with a total frame order. An n-truss is a length-n tower of 1-truss

bundles.

The elements of a 1-truss that are targets of fence arrows are called ‘singular’,
and the elements that are sources of fence arrows are called ‘regular’. A
‘1-truss bordism’ is a functorial relation of 1-trusses, which is functional on
singular elements, cofunctional on regular elements, and bimonotone with
respect to the frame orders (Definition 2.1.33). A ‘l-truss bundle’ over a
poset is constructible in the sense that it is a compatible assignment of
1-trusses to base poset elements and 1-truss bordisms to base poset arrows
(Definition 2.1.74).

A 1-truss is called ‘closed” when its endpoints are singular, and ‘open’
when its endpoints are regular; an n-truss is called closed or open when all
of its fiber 1-trusses are closed or open, respectively. In Figures [.2 and 1.3,
we illustrate a closed 2-truss and an open 3-truss; singular elements are red
dots, regular elements are blue dots, and the frame orders are indicated by
the purple arrows.

ec—eo—e

IONNN

e—e—Tec—e—e

DN NN
! NIRRT

eE—eo—ec—e——e

L, NN

ec——eo—>e

sc—0—ec—0—>0
.

FIGURE 1.2. A closed 2-truss.

FiGURE 1.3. An open 3-truss.

Equipped with the general framework of trusses, we can describe the
specific combinatorial truss structures classifying framed cell structures. A
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‘truss block’ is a closed truss with an initial element (Definition 2.3.74);
such blocks will correspond to framed cells. A regular cell complex may be
considered as a presheaf on regular cells, such that each cell embeds into the
complex; similarly, a framed regular cell complex may be reconsidered as a
presheaf on framed cells, such that each framed cell embeds into the complex.
Correspondingly, a ‘regular truss block complex’ is a presheaf on truss blocks,
such that each block embeds into the block complex (Definitions 2.3.91
and 2.3.92).

THEOREM 3 (Classification of framed cells and cell complexes; Thms. 3.1.1,
3.1.2, 3.1.3). Framed reqular cells are classified by truss blocks. Collapsible
framed regular cell complexes are classified by closed trusses. Framed reqular
cell complexes are classified by reqular truss block complexes.

This classification yields an algorithm for the decidable enumeration of framed
cells (Corollary 3.3.29). It also entails that framed cells are piecewise linear,
in the sense that their boundaries are piecewise linearly homeomorphic to
the standard sphere (Corollary 3.3.31).

Given a framed cell, its face poset is the total poset of the classifying
truss block; sequentially projecting out the frame directions of that poset
determines the 1-truss bundles of the block. In Figures 1.4 and 1.5, we illustrate
a collection of framed 2-cells and 3-cells along with their corresponding truss
blocks.

N R
7 i
v R
R !
1 v R
L>2 .{.%.%.}. i/

FIGURE [.4. Framed 2-cells and their truss blocks.

Framed topology. Trusses have a framed topological analog, namely
‘meshes’, which are iterated constructible bundles of framed stratified in-
tervals.

DEFINITION 4 (Meshes; Defs. 4.1.9, 4.1.69). A 1-mesh is a contractible
manifold, finitely stratified by points and open intervals, equipped with a
framing. An n-mesh is a length-n tower of 1-mesh bundles.

The point strata of a 1-mesh are called ‘singular’, and the interval strata are
called ‘regular’. A ‘1-mesh bundle’ over a stratified space is constructible in the
sense that it is a family of 1-meshes whose singular strata behave functionally
with respect to stratified paths in the base space (Definition 4.1.28).
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FIGURE I.5. Framed 3-cells and their truss blocks.

A 1-mesh is called ‘closed’ when it is compact, and ‘open’ when it is an
open interval; an n-mesh is called closed or open when all of its fiber 1-meshes
are closed or open, respectively. In Figures 1.6 and 1.7, we illustrate a closed
2-mesh and an open 3-mesh; the frame directions of the fiber 1-meshes are
indicated by the numbered axes.

FIGURE 1.7. An open 3-mesh.
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The fundamental poset of a stratified space has an element for each
stratum, and an arrow whenever there is a stratified path from one stratum
to another stratum. Given a mesh, there is an associated ‘fundamental truss’
obtained by forming the fundamental posets of the stratified spaces in the
tower of 1-mesh bundles (Definition 4.2.12). Conversely, given a truss, there
is an associated ‘mesh realization’ obtained by forming a stratified geometric
realization of the posets in the tower of 1-truss bundles (Definition 4.2.47).
The resulting correspondence of meshes and trusses is at the core of our
combinatorialization of framed topological phenomena.

THEOREM 5 (Equivalence of meshes and trusses; Thm. 4.2.1). The
topological category of closed meshes is weakly equivalent to the discrete
category of closed trusses, and similarly for open meshes and open trusses.

As an illustration, the meshes in Figures 1.6 and 1.7 correspond, by the
fundamental truss and mesh realization constructions, to the trusses in
Figures 1.2 and 1.3.

A ‘mesh block’ is a closed mesh whose total stratified space is the closure
of a single stratum (Definition 4.2.80). Naturally, the equivalence of meshes
and trusses restricts to an equivalence of mesh blocks and truss blocks.
Conjoining that equivalence with the earlier classification of framed cells
by truss blocks, yields a correspondence between mesh blocks and framed
cells (Corollary 4.2.83). That correspondence allows a definition of ‘framed
subdivision’ of a framed cell by a framed cell complex, as a coarsening of
stratified realizations that is locally a mesh subdivision (Definition 4.2.86).

A Dbasic unsolvable problem of classical combinatorial topology is to
classify subdivisions of the n-simplex. Exploiting the correspondences among
collapsible framed cell complexes and closed trusses and closed meshes, we
can however classify framed subdivisions of framed cells.

THEOREM 6 (Classification of framed cell subdivisions; Thm. 4.2.8).
A framed cell complex framed subdivides a framed cell precisely when it is
classified by a truss that combinatorially subdivides a truss block.

In Figures 1.8 and 1.9, we illustrate a framed cell subdivision and its corre-
sponding truss block subdivision.

=)

_’ I
|
FIGURE I.8. A framed cell subdivision.

Consider the tower of posets constituting a truss; taking the opposite of
each poset gives another tower constituting another truss. This operation
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1 SRR

FIGURE I.9. A truss block subdivision.

of ‘dualization’ is an isomorphism between the category of closed trusses
and the category of open trusses (Corollary 2.3.60). We may translate that
combinatorial dualization across the equivalence of trusses and meshes to a
geometric dualization between closed and open meshes.

COROLLARY 7 (Dualization of meshes; Cor. 4.2.9). Dualization is a
weak equivalence between the topological category of closed meshes and the
topological category of open meshes.

The existence of this self-duality is a crucial advantage meshes have over clas-
sical shape categories. In Figures .10 and 1.11, we illustrate the dualization
of meshes; in the first case, a mesh block dualizes to a ‘mesh brace’ (that is,
a mesh having a single point stratum in the closure of all the other strata),
and in the second case, a closed mesh consisting of two blocks dualizes to an
open mesh consisting of two braces.

FIGURE I.10. A mesh block and its dual mesh brace.

Framed stratifications. By virtue of being constructibly and inductively de-
fined and combinatorially classifiable, meshes are a computationally tractable
class of stratifications; they furthermore provide access to a broader, in-
deed almost completely general, class of stratifications, by considering all
stratifications that admit a mesh refinement.
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7

FIGURE I.11. A closed mesh and its dual open mesh.

DEFINITION 8 (Tame stratifications; Def. 5.1.1). A tame stratification
is a stratification of a euclidean subspace that admits a refinement by a mesh.

In Figures 1.12 and 1.13, we illustrate two tame stratifications of the open
4-cube, by depicting pertinent slices. The first stratification is an embedded
3-disc exhibiting the classical swallowtail singularity, and the second is an
embedding of three disjoint 2-discs exhibiting the classical third Reidemeister
move. That these stratifications indeed admit mesh refinements will be
illustrated subsequently.

FIGURE [.12. A tame stratification with a swallowtail singu-
larity.

That the tractability of mesh stratifications survives their coarsening
to tame stratifications depends on the rather unexpected fact that among
the set of all refining meshes of a given tame stratification, there is always
a canonical ‘coarsest mesh’ (Definition 5.2.22). The coarsest refining mesh
minimally encodes the indispensable critical loci of the projections of the tame
stratification. This existence of a distinguished mesh decomposition is by
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FIGURE 1.13. A tame stratification with a Reidemeister 111
move.

contrast to the circumstance of any simplicial model of stratified topology, in
which triangulations almost never have a mutual coarsening and typically do
not even admit a mutual refinement, precluding any canonical or computable
comparison.

THEOREM 9 (Existence of coarsest meshes; Thm. 5.2.23). Any tame
stratification has a coarsest refining mesh.

In Figures 1.14 and 1.15, we illustrate the coarsest meshes for the preceding
tame stratifications exhibiting the swallowtail singularity and the third Reide-
meister move. Since meshes correspond to trusses, and closed trusses in turn
to collapsible framed cell complexes, a coarsest mesh may be interpreted as a
kind of coarsest framed cell structure on a tame stratification in euclidean
space. In fact, it is enough to have a framed realization map to euclidean
space: any n-directed acyclic graph has a coarsest framed cell structure
(Theorem 5.3.83).

A tame stratification, together with a refinement to a mesh, may be
viewed instead as a mesh, together with a coarsening to the tame stratifica-
tion; the fundamental truss of that mesh, together with the corresponding
amalgamation of its elements into posetal strata, is a ‘stratified truss’ (Def-
inition 5.1.21). When the mesh is the coarsest refining mesh of the tame
stratification, that stratified truss is ‘normalized’ in the sense that it too
cannot be further coarsened (Definition 5.1.22). Altogether this delivers the
anticipated combinatorialization of tame stratifications.

THEOREM 10 (Classification of tame stratifications; Thm. 5.1.23). Tame
stratifications are classified by normalized stratified trusses.

In Figure 1.16, we illustrate a tame stratification, its coarsest refining mesh,
and the corresponding normalized stratified truss; the posetal stratification
of the truss records which strata of the mesh assemble into each stratum of
the tame stratification.

Tame stratifications are topological structures, while stratified trusses
are combinatorial or, via their stratified realization, piecewise linear struc-
tures. The above classification therefore implies that any closed or open tame
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FIGURE 1.14. The coarsest refining mesh of a swallowtail
singularity.

stratification is, in fact, piecewise linear and more specifically polyhedral
(Corollary 5.1.25). Recall that the failure of the classical Hauptvermutung
entails that homeomorphic polyhedra need not be piecewise linearly home-
omorphic. That structural discrepancy is resolved by the presence of a
framing.

THEOREM 11 (Framed Hauptvermutung; Thm. 5.1.27). Framed stratified
homeomorphic polyhedral stratifications are framed stratified piecewise linearly
homeomorphic.

Just because homeomorphism of tame stratifications is piecewise linearly con-
trolled does not ensure it is algorithmically decidable. However, normalization
of stratified trusses is computable, even efficiently, and so the combinatorial
classification of tame stratifications does settle the decidability problem for
framed stratified homeomorphism.

THEOREM 12 (Decidability for tame stratifications; Thm. 5.1.30). Framed
stratified homeomorphism of tame stratifications is decidable.

In particular, framed unstratified homeomorphism of framed cell complexes
in euclidean space is decidable. More generally, it suffices to have a framed
realization merely to, rather than into, euclidean space.
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THEOREM 13 (Decidability for n-DAGs; Thm. 5.1.31). Framed homeo-
morphism of n-directed acyclic graphs is decidable.

That decidability is our closing counterpoint to the computational intractibil-
ity of unframed spaces.

One may hope to extend the computable combinatorialization of framed
topological phenomena to framed smooth phenomena. For that we need, at
least, a handle on the tangency or transversality of an embedded manifold
with respect to the ambient framing. A ‘manifold diagram’ is a tame strat-
ification all of whose strata are transversal to the standard frame foliation
of euclidean space, and a ‘tame tangle’ is an embedding of a manifold into
euclidean space, whose image can be refined by a manifold diagram (Defini-
tions 5.4.13 and 5.4.22). A tame tangle can be reconstructed from its local
neighborhoods, called ‘tangle singularities’, assembled according to inter-
vening deformations, called ‘tangle isotopies’ (Definitions 5.4.31 and 5.4.34).
Every tame tangle has an associated combinatorial ‘tangle truss’, given by the
normalized stratified truss of a minimal coarsest refining manifold diagram,
together with the poset coarsening that fuses the tangle elements into a single
combinatorial manifold stratum (Definition 5.4.28). We imagine that tangle
trusses faithfully discretize even smooth tame tangles, and that smooth tame
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FIGURE 1.16. A tame stratification, its coarsest mesh, and
its normalized stratified truss.

tangles sufficiently capture all smooth manifolds; we fix that picture in the
following two hypotheses:

When two smooth tame tangles have isomorphic associated tangle trusses,
there is a diffeomorphism between them.

Every smooth embedding of a compact smooth manifold into euclidean
space s isotopic to a smooth tame tangle.

Together these afford a completely combinatorial account of smooth structures
on manifolds.
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I.4. Outlook

Tame stratifications are already highly, if implicitly, structured by their
mesh refinements and the relation of those refinements to the ambient frame
of euclidean space. However, the stratification itself need not be in any
sort of generic or transverse relation to the ambient frame. For both the
aforementioned smooth manifold purposes and for presumptive applications
to higher algebra and singularity theory, it is essential to restrict attention to
appropriately transverse stratifications. We can define and detect a transverse
stratification in purely topological (as opposed to smooth) terms, by insisting
that every stratum project by a local homeomorphism to a leaf of the ambient
euclidean frame foliation. We have dubbed those transverse stratifications
manifold diagrams; indeed our definition provides a formal generalization of
string diagrams to all higher dimensions. The theory of manifold diagrams
satisfies two prime desiderata: first, because of the combinatorializability
of tame stratifications by trusses, manifold diagrams are also completely
combinatorializable; second, because of the self-duality of meshes, manifold
diagrams naturally dualize to ‘cellular diagrams’ that formalize all composition
operations in higher categories.

Equipped with the notion of manifold diagrams, we have in turn defined
tame tangles, as those embeddings of manifolds in euclidean space that admit
refinements by manifold diagrams; the transversality of the strata of the
refining manifold diagram ensures that the embedded manifold is generically
positioned with respect to the ambient framing. Of course we expect that
any embedding of a manifold has an arbitrarily small deformation to a tame
tangle, and so nothing is lost by excluding more wild configurations. The
combinatorial encoding of manifold diagrams provides a faithful combinato-
rial representation of tame tangles, and that representation delivers a novel
computational toolkit: we can stratify the space of tangles by computable
local or global complexity measures, and formalize effective notions of tangle
perturbation, simplification, and suitable stability. Local neighborhoods in
tangles are tangle singularities, and one would hope to identify tractable
classes of singularities that are universal, in the sense that any tangle may
be assembled from them, at least up to perturbation. One traditional view
has been that any such singularity classification becomes profoundly unman-
ageable as the dimension increases: first arise uncountable moduli of distinct
singularity types, and then the moduli space of singularities itself becomes
infinite-dimensional, and generally demons abound. By contrast, we foresee
a natural equivalence relation on tangle singularities for which there is a
countable, constructive classification in all dimensions.

That combinatorial context of manifold diagrams, tame tangles, and tan-
gle singularities established, we may wonder: which measures of complexity
yield a satisfying taxonomy of unsimplifable singularities; which such unsim-
plifable singularities are also imperturbable; is the class of imperturbable
unsimplifable singularities suitably universal? We expect that the set of
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isomorphism classes of imperturbable unsimplifable singularities in any fixed
dimension is finite, but the overall structure of the classification becomes
intricate as the dimension grows. In a global tangle, the tangle singulari-
ties are composed by an arrangement of intermediary tangle isotopies, the
singularity-free deformations of lower-dimensional tangles. As there are sin-
gularities distinguished by being appropriately unsimplifable, there ought to
be isotopies distinguished, for instance, by being appropriately irreducible,
and we may undertake an analogous taxonomic program for such isotopies.
We similarly expect that the set of isomorphism classes of imperturbable
irreducible isotopies in any fixed dimension is finite, but a precise classification
is unknown even in relatively low dimensions.

Given a sufficiently generic tangle M < R"™ in euclidean space, the
composite with the standard projection R™ — R™ to a lower-dimensional
euclidean space is a prototypical ‘m-Morse function’, in the sense that all its
local singularities and global isotopies are taken from a prescribed catalog
of elementary types. We may ask further for a direct definition of m-Morse
functions (without reference to euclidean embeddings), which retains the
combinatorial and computational character of our manifold diagrams and
tame tangles, and therefore admits a tractable classification and attendant ap-
plication to manifold topology. We expect not only that such a combinatorial
higher Morse theory exists, but that the resulting combinatorial invariants
detect all smooth structures. The realization of such an expectation depends,
presumably, on the validity of the preceding hypotheses about framed combi-
natorial equivalence and tame genericity—indeed those together entail that
every combinatorial tangle has a canonical smooth structure and that every
smooth manifold has such a combinatorial representation.
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Outline

CHAPTER 1. Framed combinatorial structures. By analogy with frame
structures in linear algebra, we define framed simplices and their framed
maps, introduce framed simplicial complexes as compatible collections of
framed simplices, describe the condition of collapsibility for such complexes,
and define framed regular cell complexes as regular cell complexes with a
cellwise-collapsible framing of the simplicial subdivision.

CHAPTER 2. Constructible framed combinatorics: trusses. We introduce
1-trusses, 1-truss bordisms and their composition, and 1-truss bundles,
establish the method of truss induction for simplices in 1-truss bundles,
define n-trusses as iterated 1-truss bundles, and describe truss blocks, block
sets, and block complexes.

CHAPTER 3. Constructibility of framed combinatorial structures. We
overview the classification of framed cells by truss blocks, of collapsi-
ble framed cell complexes by closed trusses, and of framed cell complexes
by regular truss block complexes, introduce the intermediate structure of
proframed simplicial complexes, and assemble the proofs of the classification
results.

CHAPTER 4. Constructible framed topology: meshes. We introduce 1-
meshes, 1-mesh bundles, and n-meshes, build the fundamental truss of a
mesh and the mesh realization of a truss, prove those constructions are
inverse equivalences, and present applications to classification of framed
subdivisions and to dualization of meshes.

CHAPTER 5. Tame stratifications and their combinatorializability. We define
tame stratifications and tame embeddings, and establish the existence of the
coarsest refining mesh of a tame stratification; we prove the classification
of tame stratifications and embeddings, prove the framed Hauptvermutung,
and prove that framed stratified homeomorphism is decidable; finally,
we introduce manifold diagrams, and discuss tame tangles and tangle
singularities.

CHAPTER A. Linear and affine frames. We recall linear trivializations and
linear frames, introduce linear indframes and linear proframes, consider
linear partial, embedded, and embedded partial generalizations of trivial-
izations, frames, indframes, and proframes, and discuss affine indframes
and affine proframes.

CHAPTER B. Menagerie of framed cells. We illustrate a variety of low-
dimensional framed cells and their corresponding combinatorial representa-
tions as truss blocks.

CHAPTER C. Stratified topology. We recall stratifications and their funda-
mental posets, review the stratified realization of a poset, discuss stratified
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maps and categories of stratifications, mention stratified bundles, and
describe conical and cellulable stratifications.
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Guide

A relatively self-contained constructible combinatorial topology track
is Chapters 1, 2, and 3, with Chapters A and B. Preferencing just the
combinatorial topology, and omitting the constructible classification, leaves
simply Chapter 1 with Chapter A. A relatively self-contained constructible
stratified topology track is Chapters 2, 4, and 5, with Chapter C. Preferencing
just the stratified topology, and omitting the constructible classification (and
its applications), leaves just Sections 4.1, 5.1, 5.2, and 5.4, with Chapter C.
Note Chapter C is itself a standalone treatment of the necessary elements of
stratified topology.

The comprehensive path is, naturally, Chapters 1, 2, 3, 4, and 5, with
Chapter A alongside Chapter 1 for context, Chapter B alongside Chapter 3
for elaboration, and Chapter C alongside Chapters 4 and 5 for reference. A
more streamlined route would be Sections 1.1, 1.2, 1.3, 2.1, 2.3, 3.1, 4.1, 5.1,
5.3, and 5.4 with interspersed review of the outlines of the complementary
Sections 2.2, 3.2, 3.3, 4.2, and 5.2 for continuity. A geodesic arc could be
Sections 1.1.1, 1.2.1, 1.3.2, 2.1.1, 2.1.2, 2.3.1, 3.1, 4.1.1, 4.1.2, 4.2.1, 5.1,
and 5.4.2 with reading of the synopses of the skipped Sections 1.1.2, 1.2.2,
1.3.1, 2.1.3, 2.2.3, 4.1.3, 5.2.2, and 5.4.1 as waypoints.

Most readers will want to and can safely skip the sections marked with a
maltese cross < , as these contain more technical constructions and proofs.
Following the Bibliography, there is a List of figures, a List of notation, and
an Index of terms.
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CHAPTER 1

Framed combinatorial structures

In this chapter, we develop a theory of framed simplices, framed simplicial
complexes, and framed regular cell complexes. A framing of a simplex is an
ordered basis of its simplicial vectors; a framing of a simplicial complex is a
compatible collection of framings of its simplices; and a framing of a regular
cell complex is similarly a compatible collection of framings of its cells. In
Chapter 2, we will introduce trusses as constructible combinatorial bundles
of framed fence posets, and in Chapter 3, we will prove that trusses provide
a tractable, computable combinatorial classification of framed regular cell
complexes.

We begin this chapter, in Section 1.1, by detailing a systematic and
guiding analogy between frame structures in linear algebra and in affine
combinatorics, and accordingly defining framed simplices and their framed
maps. We then, in Section 1.2, introduce framings on simplicial complexes,
as compatible systems of framings of the constituent simplices, and describe
the condition of collapsibility for framed simplicial complexes. Finally, in
Section 1.3, we define framed regular cell complexes, as combinatorial regular
cell complexes with a framing of an underlying simplicial complex that is
collapsible on each cell.
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1.1. Framed simplices

The vectors in a vector space admit linear combination. A basis is a collec-
tion of vectors from which all others may be obtained by such combinations.
A framed vector space is a vector space together with a basis of vectors and a
chosen order on that basis. A guiding premise in the conceptual adaptation of
frames from linear algebra into the combinatorics of simplices is that vectors
in a vector space become directed edges in a simplex. However, simplices are
spanned by their vertices and have no distinguished origin; simplicial vectors
(i.e. directed edges) may begin at any vertex and so have an affine character.
Though linear combination is no longer available for affine vectors, it can
be replaced by end-to-end affine composition. A basis of a simplex then is a
collection of simplicial vectors from which all others may be obtained (up
to edge direction) by iterated composition. A framed simplex is a simplex
together with a basis of simplicial vectors and a chosen order on that basis.

A framed m-dimensional vector space is canonically isomorphic to the
standard framed vector space R™, by mapping the basis vectors in order to the
standard frame vectors {eq, ea, ..., €, }. An m-simplex with a basis is already
canonically isomorphic to the standard simplex [m] =(0—1— --- — m),
by mapping the basis simplicial vectors in composable order to the standard
directed vectors {(0 — 1),(1 — 2),...,(m —1 — m)}. The choice of
an order on such a simplicial basis provides crucial additional structure
and is the technical locus of the essential disanalogy: in each dimension,
there is a unique framed vector space but there are various distinct framed
simplices. Algebraically, this contrast arises simply because linear combination
is commutative while affine composition is not commutative; geometrically,
the disparity emerges because the standard basis vectors form a unique linear
configuration, whereas there are several affine constellations of those same
standard vectors. For instance, considering the standard vectors e; and e,
there is an affine arrangement in which e; may be postcomposed with es,
and also an arrangement in which e may be postcomposed with e;; those
arrangements and the distinct framed 2-simplices they span are illustrated
on the left in Figure 1.1. Similarly, the three standard basis vectors e,
es, and e3 admit six affine concatenations, spanning the different types of
framed 3-simplices, as illustrated on the right of that figure. In general, the
combinatorics of framed simplices will allow and account for all possible such
affine realizations.

OUTLINE. In Section 1.1.1, we develop a motivational analogy between
various classical notions in linear algebra and counterparts in affine combina-
torics; guided by this rough correspondence, we define frames on simplices,
and more generally partial frames and embedded frames on simplices. In
Section 1.1.2, we describe the restriction of embedded frames to simplicial
faces, and characterize framed maps of framed simplices.
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FIGURE 1.1. Distinct framed simplices spanned by the same
standard frame vectors.

1.1.1. Frames, partial frames, and embedded frames.

SYNOPsIS. We present an extended motivational analogy between struc-
tures in linear algebra and in affine simplicial combinatorics. We introduce the
notion of a frame of a simplex, which may be considered an ordered collection
of all the spine vectors of the simplex. We then decribe a partial frame of a
simplex, which may be characterized as an ordered collection of some of the
spine vectors. Finally, we define an embedded frame of a simplex, which may
interpreted as an ordered collection of all the spine vectors interleaved with
affine null vectors.

TERMINOLOGY 1.1.1 (Combinatorial simplices). An ‘ordered m-simplex’
is a totally ordered set with m + 1 elements. An ‘unordered m-simplex’, also
called simply an ‘m-simplex’, is a set with m + 1 elements. ]

NoTATION 1.1.2 (Category of ordered simplices). We will denote the
category of ordered simplices by A; its objects are the ordered simplices, and
its morphisms are the order-preserving functions (referred to as ‘simplicial
maps’ or simply ‘maps’). ]

NOTATION 1.1.3 (Category of unordered simplices). We will denote the
category of unordered simplices by A; its objects are the unordered simplices
and its morphisms are all functions (referred to also as ‘simplicial maps’ or
simply ‘maps’). ]

TERMINOLOGY 1.1.4 (Unordering ordered simplices). The ‘unordering
functor’ (—)"": A — A forgets the order of ordered simplices. -

TERMINOLOGY 1.1.5 (Face maps and degeneracy maps). A ‘face map’
S < T is an injective map of (ordered or unordered) simplices. A ‘degeneracy
map S —» T is a surjective map of (ordered or unordered) simplices. ]

NOTATION 1.1.6 (Maps between ordered and unordered simplices). For
an ordered simplex S and an unordered simplex T, maps S — T and T' — S
refer implicitly to maps of unordered simplices S'" — T and T' — S"". __|

TERMINOLOGY 1.1.7 (Standard ordered simplex). The ‘standard ordered
m-simplex’ [m] is the totally ordered set (0 < 1 < --- < m); considering
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totally as partially ordered sets, and posets as categories, this simplex is the
category (0 -1 — --- = m). 1

We will usually refer to the standard ordered m-simplex [m] as ‘the standard
m-simplex’ [m] or simply as ‘the m-simplex’ [m]." Every ordered m-simplex
S is canonically isomorphic to the standard m-simplex [m].

NOTATION 1.1.8 (The skeleton of standard simplices). We denote the
skeleton of the category A containing only the standard simplices [m], for

m € N, also (abusing notation) by A. ]

TERMINOLOGY 1.1.9 (Unordered standard simplex). The ‘unordered
standard m-simplex’ is the unordering [m]"" = {0, 1,...,m} of the standard
ordered simplex [m] = (0<1<--- <m). ]

TERMINOLOGY 1.1.10 (Sets of numerals). The ‘set of numerals’ or ‘nu-
meral set’ m is the ordered set {1 < 2 < --- < m}; a morphism of numeral
sets is an order-preserving function. ]

1.1.1.1. The fundamental analogy. We describe a fundamental, though
loose, analogy between certain notions in linear algebra and corresponding
notions in affine simplicial combinatorics, which will motivate and guide our
definitions of framed combinatorial structures. See Chapter A for recollections
of the relevant linear and affine algebra background context.

Our primary and mantric correspondence is between the concept of an
m-~dimensional vector space V' and the concept of an unordered m-simplex S.
The standard vector space R™ has its correlate being the standard simplex
[m]. For a vector in a vector space, we have the analog being a ‘simplicial
vector’ in a simplex, as follows.

TERMINOLOGY 1.1.11 (Simplicial vectors). A ‘simplicial vector’ (or just
‘vector’) V' in an unordered simplex S is a map v: [1] — S. A vector in
an ordered simplex T is simply a vector in the unordering T""; whereas an
‘ordered vector’ v is an (order-preserving) map v: [1] — 7. In any of these
cases, a vector is ‘nondegenerate’ when the map v is injective (so has image
a directed edge); the vector is ‘degenerate’ (or ‘zero’) when by contrast it
is constant (so has image a vertex). We will typically assume vectors are
nondegenerate unless noted otherwise. 1

TERMINOLOGY 1.1.12 (Composites and linear combinations). Given two
vectors u: [1] — S and v: [1] — S in an (ordered or unordered) simplex,
which are composable in the sense that u(1) = v(0), their ‘composite’ is
the vector w: [1] — S with w(0) = «(0) and w(1) = v(1). Given a vector
v = (v(0) = v(1)), its ‘negative’ is the vector —v = (v(1) = v(0)). A ‘linear
combination’ is a vector obtained by iterated composition and negation. |

1Our terminological conventions then entail that ‘an m-simplex’ or ‘a simplex’ refers to

an unordered simplex, while ‘the m-simplex’ or ‘the simplex [m]’ refers to an ordered
simplex; this articular dependency is sufficiently convenient that we tolerate the potential
confusion.
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A basis of a vector space is a collection of vectors, from which all vectors
may be obtained as linear combinations. Analogously, one might consider
a basis of a simplex to be a collection of simplicial vectors, from which
all (nondegenerate) simplicial vectors may be obtained as (iterated) linear
combinations; however, we take the more restrictive perspective that a basis
of a simplex is a collection of simplicial vectors, from which all others are
obtained, up to negation, by (iterated) composition only. An ordered basis of
a vector space is of course just a basis with any choice of order; a basis of a
simplex by contrast has a canonical choice of order, namely the one in which
the vectors are composable in the given order (so that all other vectors are
obtained, up to negation, by composition without reordering). That notion of
basis of a simplex with its canonical order may be formulated as a ‘directed
spine’, as follows.

TERMINOLOGY 1.1.13 (Directed spine of an unordered simplex). A ‘di-
rected spine’ of an unordered m-simplex is an ordered set of m nondegenerate
vectors, such that the target vertex of each vector is the source vertex of the
subsequent vector (when there is a subsequent vector), and such that the
image of the spine covers every vertex of the simplex. A ‘spine vector’ of
a simplex with a directed spine is simply one of the vectors in the directed
spine. 1

An ordered basis of a vector space amounts to an isomorphism from (or
to) the standard vector space. Similarly, a directed spine of an unordered
m-simplex S amounts to an isomorphism from (or to) the standard simplex
[m]; such an isomorphism is of course also equivalent to a choice of ordering
of the simplex.

NoTATION 1.1.14 (Directed spine of an ordered simplex). For an ordered
m-simplex S, there is a preferred directed spine, denoted spine S, namely the
series of vectors that traverses the vertices in order. ]

REMARK 1.1.15 (The spine of the standard simplex). The directed spine
spine[m] of the standard simplex [m] is of course the ordered set of vectors
(0—1),(1—=2),...,(m—1— m)). That spine may be canonically identified
with the numeral set m, by associating the spine vector (i — 1 — i) € spine[m)
with the numeral element i € m. _

In classical linear algebra, the concept of an ordered basis of a vector
space is, of course, interchangable with the concept of a frame of a vector
space.”> However, here there is crucial disanalogy between linear algebra and
affine combinatorics: for a vector space, an ordered basis is a frame, whereas
for a simplex, a directed spine will not, by itself, provide a frame. Recall
from Figure 1.1 that there are multiple distinct ‘framed simplices’ built out

2Initially, we will take the word ‘frame’ to entail a sense of linear independence, but later
generalizations of the notion, both linear algebraic and affine combinatorial, will allow
certain dependencies.
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of the same basis vectors; indeed there are as many such simplices as there
are orders on the already canonically ordered set of basis vectors. As that
figure adumbrates and as described precisely later, the further information
required for a frame on a simplex, beyond a directed spine, will be an order
on that spine.

Classical linearly-independent frames can be generalized by allowing the
frame to be partial, that is, not entirely spanning the vector space, or allowing
the frame to be redundant, that is, spanning but with dependencies, or indeed
allowing both partiality and redundancy at the same time. A convenient
way of encoding a ‘partial frame’ on a vector space V is via an injection
V « R*; we may alternatively consider a partial frame as being witnessed
by a projection V —» R¥ which is split by the given injection. A convenient
way of encoding a ‘redundant frame’ on a vector space V is via a projection
V «— R"; we may alternatively consider a redundant frame as being witnessed
by an injection V' < R”™ which splits the given projection. Definitionally
we will favor the split witness perspective, and our affine combinatorial
notions will be analogs of the projection V' —» R¥ and the injection V < R™.
However, terminologically we preference the two injections V < RF and
V — R", and so the affine combinatorial notions will be called ‘partial
frames on simplices’ and ‘embedded frames on simplices’. The conceptual
pushout of these two notions, called ‘embedded partial frames’ will be affine
combinatorial analogs of general linear maps V <= W «— R" as witnessed by
the reciprocal composites V — W — R™.

To motivate and prepare for the notions of generalized frames in the
affine combinatorial case, we will need simplicial analogs of the notions of
projection and injection of vector spaces. Projections pose no difficulty and
correspond to ordinary simplicial degeneracy maps. Such degeneracies admit
a reasonable analog of linear kernels, as follows.

TERMINOLOGY 1.1.16 (Kernel). The ‘kernel” ker(S —» T') of a degeneracy
map S — T of (ordered or unordered) simplices is the subset of the simplicial
vectors in S that are mapped to zero vectors by the degeneracy. 1

Note that a subset of simplicial vectors is the kernel of a degeneracy precisely
when it is closed under linear combination.

The usual companions of simplicial degeneracy maps are simplicial face
maps; however, simplicial face maps are decidedly insufficient as a combina-
torial analog of vector space inclusions. Instead, we must adapt the notions
of kernels, faces, and images to suitable ‘affine’ notions, as follows.

TERMINOLOGY 1.1.17 (Affine kernel). The ‘affine kernel” ker®® (S —» T)
of a degeneracy S —» T of ordered simplices is the subset of the spine vectors
in spine S that are mapped to zero vectors by the degeneracy. ]

For a degeneracy S —» T of ordered simplices, the affine kernel is the subset
of spine vectors in the kernel; conversely, the kernel is the closure under linear
combination of the affine kernel. Note well that a kernel ker(S — T') need
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not form the vectors of any subsimplex of the simplex S. Similarly, the affine
kernel ker®f (S —» T) need not form the spine vectors of any subsimplex, and
so need not in any sense span the image of a simplicial face map; indeed the
vectors of the affine kernel may be uncomposably skew to one another and so
in that sense have an ‘affine’ character.

The kernel of any linear projection is a subspace, and any subspace is
the kernel of the quotient by that subspace. Analogously, the affine kernel of
any simplicial degeneracy is a subset of the spine, and any subset of spine S
is the affine kernel of the degeneracy S —» T that degenerates exactly that
subset of spine vectors; that correspondence suggests the following notions.

TERMINOLOGY 1.1.18 (Affine face). An ‘affine face’ map f: S < T of
ordered simplices is an ordered map f: spine S < spineT of the spines. __|

TERMINOLOGY 1.1.19 (Affine image). The ‘affine image’ of an affine face
map f: S < T of ordered simplices is the image im®® () := im(f: spine S —
spineT') C spineT in the spine of the target. ]

TERMINOLOGY 1.1.20 (Affine cokernel). The ‘affine cokernel’ of an affine
face map f: S < T of ordered simplices is the complement coker®T(f) =
spine T\ im® (f) C spine T of the affine image in the spine of the target.

REMARK 1.1.21 (Simplicial retraction). For any affine face map f: S < T,
there is a canonical simplicial degeneracy S «— T : g whose affine kernel
ker® (g) is the affine cokernel coker®®(f); i.e. the degeneracy map degenerates
exactly those spine vectors that are not in the affine image of the affine face
map. ]

The notions of simplicial degeneracy and affine faces combine to a general
notion of affine simplicial maps.

TERMINOLOGY 1.1.22 (Affine maps). An ‘affine map’ S — R from an
unordered simplex S to an ordered simplex R is a sequence S —» 1T — R
consisting of a degeneracy S —» T from S to an ordered simplex 7', and an
affine face T'— R. ]

We will allow the term ‘affine face’ and its notation S <+ R to also refer to
an affine map of the form S = T < R, where S is unordered and T and R
are ordered simplices.

Note, from the earlier discussion, that a frame on an unordered m-simplex
S can be described as an isomorphism S = [m] to the standard simplex
(providing a directed spine of .S) together with a choice of order on the spine
of the standard simplex [m] (providing, by the isomorphism, an order on
the spine of S). Equipped with the affine simplicial combinatorial analogs of
vector space projections, inclusions, and maps, namely degeneracies, affine
faces, and affine maps, we can provide a compact preview of the simplicial
notions of generalized frames, namely partial frames, embedded frames, and
embedded partial frames on simplices.
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> A partial frame of an unordered simplex S will be a degeneracy S —» [k]
together with an order on the spine of the target simplex [k].

> An embedded frame of an unordered simplex S will be an affine face
S < [n] (which corresponds to its canonical retraction [n] — S) together
with an order on the spine of the retraction target S.

> An embedded partial frame of an unordered simplex S will be an affine
map S —» T <= [n] (whose affine face T' < [n] corresponds to its
canonical retraction [n] —» T') together with an order on the spine of the
retraction target 1.

The prelude analogy described so far, between elementary structures in
linear algebra and in affine simplicial combinatorics, is displayed in Figure 1.2.
See Chapter A for a more detailed discussion of the relevant classical linear
algebraic notions. Qur primary notions of frames and generalized frames on
simplices are detailed, with further explanation, examples, and illustration,
over the whole of this first section. Frames, partial frames, embedded frames,
and embedded partial frames on vector spaces and simplices are illustrated
in parallel in Figure 1.3.

1.1.1.2. The definition of framed simplices. We introduce frames of
simplices, as a combinatorial analog of frames of vector spaces. The role of
frame vectors is assumed by spine vectors of a simplex. As a linear frame
is an ordered set of its frame vectors, a simplicial frame will be an ordered
collection of spine vectors.

DEFINITION 1.1.23 (Frame on the standard simplex). A frame J of
the standard m-simplex [m] is a bijection JF: spine[m] — m from the
set spine[m| of spine vectors of the simplex to the set of numerals m =
{1,2,...,m}. ]

We may of course equivalently think of a frame F in terms of the inverse
function F~1: m — spine[m] from the set of numerals to the spine, or more
concretely as an ordered list (v1,v2,...,v,) of spine vectors v; = F~1(i) €
spine[m] of the simplex. That is, a frame of the standard simplex is an order
on the standard spine, as emphasized in Figure 1.2 as the analog of the
standard frame of the standard euclidean space.

A frame of a non-standard simplex, i.e. an unordered simplex, may then
be specified by choosing a standardization together with a frame on that
standardized simplex, as follows.

DEFINITION 1.1.24 (Frame on a simplex). A frame of an unordered
m~simplex S is an isomorphism S = [m] to the standard m-simplex [m],
together with a frame F on that simplex [m)]. 1

~

We usually denote framed simplices by pairs (S = [m], F); we may also keep
the isomorphism S 2 [m] implicit, and simply say that F is a frame on S. Of
course, the choice of isomorphism S = [m] is the same as a choice of spine
for S, and the order F on the standard spine gives an order on the chosen
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Linear algebra Affine combinatorics
an m-dimensional vector space V/ an unordered m-simplex S
a nonzero vector v in V a directed edge v in S

the zero vector 0 in V' a vertex x in S

a directed spine of S

an ordered basis of V _ . . ~
= an isomorphism S =% [m)]

a projection V. —» W a degeneracy S —» T

an affine face S < T*
an injection V — W a choice of directed spines of S and T’
and an inclusion of spine S into spineT

amapV —-»W U an affine map S —» 7T <— R

the standard vector space R™ the standard simplex [m]

the standard ordered basis of R™ the standard directed spine of [m]
I s

the standard directed spine of [m]

m
the standard frame of R with an order on that spine

a directed spine of [m]""

f f R™ . .
a trame o with an order on that spine

a frame of S:
an isomorphism S =5 [m]
with an order on the spine of [m]

a frame of V:
an isomorphism V = R™

a k-partial frame of V: a k-partial frame of S:

an injection V < RF a degeneracy S —» [K]

~ a retracting projection V —» RF with an order on the spine of [£]
an n-redundant frame of V: an n-embedded frame of S:

a projection V «— R™ an affine face S < [n]

~ a splitting injection V — R" and an order on the spine of S
an n-redundant partial frame of V: an n-embedded partial frame of S:

amap V < W « R" an affine map S — T < [n]

~» a reciprocal map V —» W — R” and an order on the spine of T’

FIGURE 1.2. The analogy between notions in linear algebra
and notions in affine combinatorics.
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FI1GURE 1.3. Frames on vector spaces and frames on simplices.

spine for S; we therefore often think of the frame of S as a choice of spine
and order on that spine.

ExXAMPLE 1.1.25 (Frames on simplices). In Figure 1.4, we depict a few
framed m-simplices (S = [m],F). The specified directed spine encodes an
isomorphism S = [m] (and we therefore do not distinguish between the
illustrated simplex and the standard simplex). The frame F: spine[m] — m
is indicated in three different ways, as follows.

> Numeral labels: the spine vector v € spine[m] is labeled by its numeral
value F(v) € m.

> Arrowheads: the numeral label of the spine vector is specified by the
number of arrowheads along the simplicial vector.

> Coordinate frame: the labeled spine vectors, thought of as vectors in the
linear space spanned by the picture of the simplex, are translated so
their sources are coincident, and the resulting labeled ‘coordinate frame’
is drawn in or near the simplex. ]

FIGURE 1.4. Framed simplices.

NOTATION 1.1.26 (Frame labels). In subsequent figures, we will primar-
ily indicate the frame labels by the multi-arrowhead notation, though we
sometimes also retain the coordinate frame and occasionally the numeral
labels themselves for emphasis or clarity. (Note that Figure 1.1 may be
interpreted as depicting the framed 2-simplices and framed 3-simplices using
the coordinate frame notation.) 1

Beyond mere analogy, there is a precise relationship between framed
simplices and framed vector spaces, in that there is a distinguished class
of linear embeddings of the geometric realization of a framed simplex into
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standard framed euclidean space, namely those embeddings that preserve the
frame structure in the following sense.

TERMINOLOGY 1.1.27 (Geometric simplices). The ‘geometric simplex’
|S|, of an unordered m-simplex S, is the convex hull of the set S in the free
vector space R(S). 1

TERMINOLOGY 1.1.28 (The standard oriented components of euclidean
space). For 1 < i < n, consider the linear subspaces {0} x R"™" and
{0} x R*~"*1 in R™. The complement

e = ({0} x RTHI)\ ({0} x R™)
has two components
e = {0} xReo x R*7,
ef = {0}t x Ryg x R,

1

which we refer to as the ‘ith negative’ and ‘ith positive standard component’
of R™, respectively. 1

DEFINITION 1.1.29 (Framed realization of a framed simplex). A framed
realization of a framed m-simplex (S = [m], ), with frame vectors v; =
F1(i), is a linear embedding rg: |S| — R™ of the geometric simplex |S|
into R™ such that the translation vectors 7; := v;(1) — v;(0) are mapped into

the ith positive standard component e;-'r C R™, for all i € m.? 1

EXAMPLE 1.1.30 (Framed realization of framed simplices). In Figure 1.5
we illustrate framed realizations of the two framed 2-simplices, along with the
resulting translation vectors @; based at the origin. See also again Figure 1.1,
where one has the images of one framed realization of each of the six framed
3-simplices. 1

FIGURE 1.5. Framed realization of framed 2-simplices.

3Here and henceforth, by a ‘linear map’ |S| — R™ from an affine realization of a simplex,
we will mean, in fact, an ‘affine map’, as discussed in more detail in Terminologies A.2.1
and A.2.3.
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REMARK 1.1.31 (All framed simplices are realizable). Every framed m-
simplex ([m],F) admits a framed realization r4: |[m]| < R"™. For instance,
consider a map sending the vertex 0 to the origin in R™, i.e. r4(0) := 0, and
each subsequent vertex k to 75 (k) = rg(k — 1) + eg((k—1-k)), Where e; is the
ith standard basis vector of R™; extend linearly to define a realization on
the whole geometric simplex |[m]|. In such a realization, the spine of the
simplex traces a lattice path from (0,...,0) to (1,...,1), with each spine
vector incrementing one coordinate. (Up to an offset for readability, these
are the realizations shown in Figure 1.1.) -

1.1.1.3. Partial frames.

ANALOG 1.1.32 (Linear partial frames). A partial frame of a vector
space is an injection V < RF, or more concretely an ordered list of k
linearly independent vectors; we consider a partial frame to be witnessed by
a projection V' —» RF which is split by that injection.* 1

A frame of a standard simplex, as described in the preceding section, is
the assignment of a numeral frame label to each vector of the standard spine,
or equivalently a bijection from the set of numerals to the set of spine vectors.
We may consider instead a frame defined only on part of the spine, by the
assignment of a numeral label to some of the spine vectors, or equivalently
by an injection from a set of numerals to the spine set.

DEFINITION 1.1.33 (Partial frame on the standard simplex). A k-partial
frame of the standard m-simplex [m] is an injection spine[m] <= k from
the set of numerals k = {1,2,...,k} to the spine of the simplex. ]

Recall the numeral set k is canonically identified with the spine set spine[k];
the partial frame may thus be considered as a frame on the simplex [k] (i.e. a
bijection spine[k] = k), together with a (necessarily ordered) affine face map
spine[m] <= spine[k]. There is a unique simplicial degeneracy [m] —» [k] whose
affine kernel is the affine cokernel of that affine face map; therefore finally,
the partial frame may equivalently be considered as a simplicial degeneracy
[m] —» [k] together with a frame on [k].

A partial frame on a non-standard, i.e. an unordered simplex, may now
be characterized similarly, as follows.

DEFINITION 1.1.34 (Partial frame on a simplex). A k-partial frame
on an unordered m-simplex S is a degeneracy S —» [k], together with a
frame F on that simplex [k]. 1

Note that in an m-partial frame (S — [m],F) of an m-simplex S, the
degeneracy S —» [m] must be an isomorphism, and so m-partial frames on
m-simplices are simply frames on m-simplices.

“In Section A.1.2, the projection split by the partial frame is referred to as a ‘partial
trivialization’; here in the main text, we suppress the terminological distinction between
frames and trivializations, and use ‘frame’ as the headline designation and lexical context
for all such structures, whatever their variance, in both the linear algebraic and affine
combinatorial cases.
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TERMINOLOGY 1.1.35 (Unframed subspace of a partially framed simplex).
The ‘unframed subspace’ of a k-partially framed simplex (S —» [k], F) is the
kernel ker(S —» [k]). Note that this ‘subspace’ is a subset of the nondegenerate
simplicial vectors of the simplex S. 1

EXAMPLE 1.1.36 (Partial frames on simplices). In Figure 1.6 we illustrate
the two distinct 1-partially framed 2-simplices, and the three distinct 1-
partially framed 3-simplices. Similarly, in Figure 1.7 we illustrate three of the
six distinct 2-partial framings of the 3-simplex; the other three are obtained
by exchanging all the 1 and 2 frame labels. We depict the degeneracies
S —» [k] by highlighting their unframed subspace (in green) and illustrate the
target framed simplices ([k],F) as in Example 1.1.25. Note that the partial
frame may also be recorded by labeling a vector v in S with ¢ € k (or with
that many arrowheads) whenever its image w := (S —» [k])(v) € spine[k] has
frame label F(w) = i. 1

D

FIGURE 1.6. The 1-partially framed 2-simplices and 3-
simplices.

/
»
)

F1GURE 1.7. Half of the 2-partially framed 3-simplices.

A linear map of a partially framed simplex to euclidean space may preserve
the frame structure in the following sense.

DEFINITION 1.1.37 (Framed realization of a partially framed simplex).
Consider a k-partially framed m-simplex (S —» [k], ), with unframed sub-
space U = ker(S —» [k]). A framed realization of the partially framed
simplex (S —» [k], F) is a linear map rg: |S| — R¥ such that:

> for all v ¢ U with image w = (S —» [k])(v) € spine[k] and F(w) = 1,
the translation vector ¥ := v(1) — v(0) is mapped into the ith positive
standard component ej C R*, and
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> for all v € U, the translation vector ¥ is mapped to 0 € R¥, ]

ExAMPLE 1.1.38 (Framed realization of partially framed simplices). In
Figure 1.8 we illustrate framed realizations of a 1-partially framed 2-simplex
and of a 2-partially framed 3-simplex. 1

FI1GURE 1.8. Framed realization of partially framed simplices.

1.1.1.4. Embedded frames.

ANALOG 1.1.39 (Linear redundant and embedded frames). A redundant
frame on an m-dimensional vector space V is a projection V «— R", or
more concretely an ordered list of n vectors spanning V'; we consider a
redundant frame to be witnessed by an injection V' < R™ which splits that
projection.® The information contained in the redundant frame may be
compressed somewhat: from the ordered list of n vectors, set to zero those
vectors that are in the span of the preceding vectors; the resulting ordered
list of n vectors, exactly m of which are nonzero, and the nonzero vectors of
which are linearly independent, is called an embedded frame of the vector
space. ]

As before, a frame of a standard m-simplex is an assignment of a numeral
frame label in m = {1,2,...,m} to each vector of the standard spine spine[m)|,
or equivalently a bijection from that spine to that numeral set. We may
instead consider a kind of frame defined by the assignment, to spine vectors,
of frame labels in n, for n > m, or equivalently by an injection from the spine
to a numeral set.

DEFINITION 1.1.40 (Embedded frame on the standard simplex). An
n-embedded frame JF of the standard m-simplex [m] is an injection
F: spinelm| — n from the spine of the simplex to the set of numerals
n={1,2,...,n}. ]

We may reconsider an n-embedded frame JF: spine[m] < n in terms of the
partial inverse function F~1: n — spine[m], from the set of numerals to the
‘augmented spine’ spine[m], := spine[m] {0} (i.e. the function F~! inverting
F on its image and sending the complement of that image to 0). Furthermore,
5In Section A.1.2, the injection splitting the redundant frame is referred to as an ‘embedded

trivialization’, but here, as in the partial case, we elide the difference between frames and
trivializations.
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that partial inverse function may be tangibly encoded as an ordered list
(v1,v2,...,vy,) of augmented spine vectors exactly m of which are nonzero;
namely, by setting v; := F~1(i) € spine[m] when i € n is in the image of the
frame F: spine[m| < n, and setting v; := 0 € spine[m] otherwise. That
last formulation, then, makes explicit contact with the corresponding linear
algebraic notion of embedded frames on a vector space.

An embedded frame on a non-standard simplex is characterized similarly,
as follows.

DEFINITION 1.1.41 (Embedded frame on a simplex). An n-embedded
frame of an unordered m-simplex S is an isomorphism S = [m], together
with an n-embedded frame F on that simplex [m)]. 1

Note that an m-embedded framed m-simplex is simply a framed m-simplex
as previously defined. We usually denoted n-embedded framed m-simplices
by pairs (S = [m],F), though we may also leave the isomorphism implicit.
As in the case of non-embedded frames, the choice of isomorphism is the
same as a choice of spine for S (and thus a correspondence of that chosen
spine with the standard spine of the standard simplex); we thus often think
of an embedded frame of S as a choice of spine together with an injective

assigment of numeral labels (in n) to those spine vectors.

REMARK 1.1.42 (Embedded frames via affine faces). Note that the afore-
mentioned interpretation of an embedded frame on a simplex S as a choice
of spine spine S together with an injection spine .S < n, may be reexpressed
as an affine face S <+ [n] (i.e. a choice of spine and an order-preserving
injection spine S < spine[n| = n) together with an ordering on spine S; that
last formulation was the one displayed in Figure 1.2. 1

EXAMPLE 1.1.43 (Embedded frames on simplices). In Figure 1.9 we
illustrate a few n-embedded framed m-simplices (S = [m],F). As before,
the frame F: spine[m] < n is indicated in three ways: the spine vector
v € spine[m] is labeled by its numeral value F(v) € n, that numeral value is
the number of arrowheads along the vector, and the labeled spine vectors are
translated into a labeled coordinate frame. In that coordinate frame, we also
depict the numerals that are not in the image of the frame F: spine[m| — n
as infinitesimal ‘curled-up’ dimensions; this evokes the partial inverse function
F~1: n — spine[m]U{0} which sends those numerals to zero in the augmented
spine. 1

Ficure 1.9. Embedded framed simplices.
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A linear embedding of an embedded framed simplex into euclidean space
may preserve the frame structure in the following sense.

DEFINITION 1.1.44 (Framed realization of an embedded framed simplex).
A framed realization of an n-embedded framed m-simplex (S = [m], ),
with nondegenerate frame vectors v; = F~1(i), for i € im(F), is a linear
embedding rg: |S| < R"™ of the geometric simplex |S| into R™ such that
the translation vectors #; = v;(1) — v;(0) are mapped into the ith positive
standard component ¢ C R", for all i € im(F). 1

ExXAMPLE 1.1.45 (Framed realization of embedded framed simplices). In
Figure 1.10 we illustrate framed realizations of the three 3-embedded framed
1-simplices. The framed realization of the vector with frame label 3 must
be an affine vector whose associated linear vector (i.e. after translating its
basepoint to the origin) is in 6;{, which is to say a positive multiple of the
basis vector eg. The framed realization of the vector with frame label 2 must
be an affine vector whose associated linear vector is in e;, that is the open
half of the plane (eg, e3) with positive ey coordinate. Finally, the framed
realization of the vector with frame label 1 has associated linear vector in ef,
the open half of 3-space (e1, e2, e3) with positive e; coordinate.

Similarly, in Figure 1.11 we illustrate framed realizations of the six 3-
embedded framed 2-simplices. We abuse notation slightly by only depicting
the images of the simplices, and labeling the image vectors by the frame
labels of the implicit corresponding source 2-simplex. As for the 3-embedded
framed 1-simplices in the previous figure, all the vectors with frame label 3
point strictly in the positive es direction, all the vectors with frame label 2
point in a positive ey direction inside the (eg,es) plane, and all the vectors

with frame label 1 point in some positive e; direction in 3-space. ]
2
_________________________________________________________________ 3
%% -------------------------------------------------- M
R3 V/ P
N n

FIGURE 1.10. Framed realization of the 3-embedded framed
1-simplices.

X< Partiality matters. Though in practice we will care only about embedded
non-partial frames, we mention briefly the generalization of embedded frames
to embedded partial frames. Partial frames provide frame labels on just some
of the vectors of a simplex, and embedded frames allow frame labels in a
higher numeral set; naturally embedded partial frames provide frame labels
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FIGURE 1.11. Framed realization of the 3-embedded framed
2-simplices.

in a higher numeral set on just some of the vectors. We skip straight to the
formulation for an arbitrary simplex, as follows.

DEFINITION 1.1.46 (Embedded partial frame on a simplex). An n-
embedded k-partial frame on an unordered m-simplex S is a de-

generacy S —» T together with an n-embedded frame (T' = [k],F) on the
target unordered k-simplex 7' 1

Since the intermediate simplex T has, as part of the data of its embedded
frame, a given isomorphism to the standard simplex, we usually omit the
simplex T entirely and consider n-embedded k-partially framed simplices S
to be pairs (S —» [k], F), where F is an n-embedded frame of the standard
simplex [k].

REMARK 1.1.47 (Embedded partial frames via affine maps). Note that
the given definition of embedded partial frame on a simplex S may be yet
again reconsidered as a degeneracy S —» T to an ordered simplex T', together
with an affine face T' < [n] and an ordering of the spine of T'; that was the
formulation displayed in Figure 1.2. ]

TERMINOLOGY 1.1.48 (Unframed subspace of an embedded partially
framed simplex). The ‘unframed subspace’ of an n-embedded partially framed
simplex (S —» [k], F) is the kernel ker(S —» [k]). As before this ‘subspace’ is
actually a subset of the nondegenerate vectors of the simplex S. 1

EXAMPLE 1.1.49 (Embedded partial frames on simplices). In Figure 1.12
we illustrate a few n-embedded k-partially framed m-simplices (S —» [k], F).
We depict degeneracies S —» [k] by highlighting their unframed subspace
(in green) and illustrate the embedded framed simplices ([k],F) as in Exam-
ple 1.1.43. Note that the embedded partial frame F may also be recorded by
labeling a vector v in S with ¢ € n (or with that many arrowheads) whenever
its image w := (S —» [k])(v) € spine[k] has frame label F(w) = 1. 1

A linear map of an embedded partially framed simplex to euclidean space
may preserve the frame structure in the following sense.

DEFINITION 1.1.50 (Framed realization of an embedded partially framed
simplex). Consider an n-embedded k-partially framed m-simplex (S —» [k], F),
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FI1GURE 1.12. Embedded partially framed simplices.

with unframed subspace U := ker(S —» [k]). A framed realization of the
embedded partially framed simplex (S —» [k], F) is a linear map r4: |S| — R"
such that:
> for all v ¢ U with image w := (S — [k])(v) € spine[k] and F(w) = i, the
translation vector ' := v(1) — v(0) is mapped into ;" C R™, and
> for all v € U, the translation vector is mapped to 0 € R™. 1

ExAMPLE 1.1.51 (Framed realization of embedded partially framed sim-
plices). In Figure 1.13 we illustrate framed realizations of a 3-embedded
1-partial frame of the 3-simplex and of a 3-embedded 2-partial frame of the
4-simplex. 1

FIGURE 1.13. Framed realization of embedded partially
framed simplices.

1.1.2. Framed maps.

SYNOPSIS. We explain how to restrict a frame on a simplex to a vector
of the simplex, and then more generally to a simplicial face of the simplex.
We define framed maps of framed simplices, as those simplicial maps that
preserve the frame of every vector that is not degenerated; we conclude by
discussing the class of subframed maps, in which a non-degenerated vector
may have its frame either preserved or specialized.
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1.1.2.1. Restricting frames.

ANALOG 1.1.52 (Restricting linear frames). Given a frame of a vector
space V, conceived of classically as an ordered list of vectors (v1,ve, ..., v,),
one cannot naively restrict the frame to a subspace W < V', which after all
might contain none of the vectors whatsoever. Reinterpretting the frame as
a linear isomorphism V' = R™, we obtain by restriction a linear embedding
W — R". That embedding does not provide an ordinary frame, but, as in
Analog 1.1.39, we may consider a redundant frame W «— R" split by that
embedding, and then compress that redundant frame to an embedded frame
of vectors in the subspace W. Of course, the same procedure works if instead
of starting with a linear isomorphism V' = R™, we had started merely with
a linear embedding V' — R". 1

We present the simplicial analog of this process, namely restricting a
frame, or more generally an embedded frame, on a simplex, to obtain an
embedded frame on a simplicial face. This simplicial procedure has a concise
geometric description, echoing the linear algebraic case, as follows.

REMARK 1.1.53 (Restricting frames via framed realization). Consider
an n-embedded framed m-simplex (S = [m],¥F), with a framed realization
ry: |S| < R™. The ‘restriction’ of the n-embedded frame of the simplex
S, to a simplicial face f: T < S, is the unique n-embedded frame of the
simplex T, for which the linear embedding rg o |f|: |T| = [S| = R" is a
framed realization. _

We now describe that frame restriction in purely combinatorial terms.

TERMINOLOGY 1.1.54 (Component spine vectors). A nondegenerate
vector of an ordered simplex has a unique decomposition as a composite of
spine vectors, called its ‘component spine vectors’. For instance, when the
simplex is standard and the vector is (a — b), the component spine vectors
are the vectors (i — i+ 1) for a <i <b.° ]

CONSTRUCTION 1.1.55 (Frame restriction to vectors of the standard
simplex). Let F: spine[m| — n be an n-embedded frame of the simplex [m)],
and let v := (a — b): [1] — [m] be a vector of that simplex. The restriction
F|,: spine[l] < n of the frame to that vector is the n-embedded frame of

5The decomposition of simplicial vectors into component spine vectors allows us to define
the following relation: two simplicial vectors (of the standard simplex) are ‘akin’, denoted
v + w, when they share at least one component spine vector. This ‘kinship’ relation
among simplicial vectors is a convenient combinatorial analog of euclidean vectors being
non-orthogonal. Here we illustrate the kinship of vectors in the 3-simplex; vectors are

akin exactly when they share a color highlight.
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the simplex [1], whose single frame label is the minimum frame label among
the component spine vectors of v, i.e.

F,0= 1) =min{F((t »i+1))|a<i<b} €n. ]

Note that this combinatorial description aligns with the geometric description
of Remark 1.1.53, as follows. For a vector v of the simplex [m], the translation
vector ¥ := v(1) — v(0) is the sum ), @ of the translation vectors & =
w(1) — w(0) of the component spine vectors w. In a framed realization
ry: |[m]] — R™ of the embedded framed simplex ([m], ), the translation
vector w0 is sent to a vector in the positive standard component efji(w), i.e. with

lowest nonzero and lowest positive coordinate being the F(w) coordinate;
thus the sum Y @ = ¥ is sent to a vector in €; for i = min, F(w), as
required by the combinatorial description of the frame label.

This frame restriction procedure produces a plethora of combinatorial
arrangements of framed vectors, quite distinct from any permutation of the
restriction of the standard frame on the simplex.

EXAMPLE 1.1.56 (Frame restriction to simplicial vectors). In Figure 1.14
we illustrate various embedded framed 3-simplices, along with the framed
restrictions to all their vectors. In Figure 1.15 we similarly illustrate the
frame restrictions to the vectors of some framed 4-simplices. 1

FIGURE 1.14. Restriction of embedded frames to vectors of
3-simplices.

ER ER B

FIGURE 1.15. Restriction of frames to vectors of 4-simplices.

The restriction of an embedded frame to any simplicial face of an embed-
ded framed simplex is determined directly by the restriction to the vectors,
as follows.

CONSTRUCTION 1.1.57 (Frame restriction to simplicial faces of the stan-
dard simplex). Let F: spine[m] < n be an n-embedded frame of the simplex
[m], and let f: [j] < [m] be a simplicial face of that simplex. The restriction
F|s: spine[j] = n of the frame to that face is the n-embedded frame, whose
frame label on each spine vector v: [1] — [j] is the numeral F|,,,(0 — 1) € n,
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i.e. the frame label of the restriction to that vector considered in the ambient
simplex. ]

The restriction of an embedded frame of a non-standard simplex is
obtained by translation (along an ordering isomorphism) from the restriction
for the standard simplex, as follows. We interject notation relevant for
translation not just along isomorphisms but also degeneracies.

NOTATION 1.1.58 (Restriction of simplicial degeneracies along faces).
Given a simplicial degeneracy a: S —» [k] (often for our purposes an isomor-
phism) from an m-simplex S to the standard simplex [k], and a simplicial face
f: T < S, consider the image factorization of the composite awo f: T — [k],

as in the diagram

T—7 3

al fl la

0 —2L .

We refer to the left map af;: T'—» [I] as the ‘restricted degeneracy’, i.e. the
restriction of the degeneracy « along the face f, and to the bottom map

arf: [l] = [m] as the ‘induced face’, i.e. the induction of the face f along the
degeneracy a. 1

CONSTRUCTION 1.1.59 (Frame restriction to simplicial faces of a simplex).
Let (a: S = [m],F) be an n-embedded frame of the m-simplex S, and let
f: T < S be a simplicial [-face of that simplex. The ‘restriction’ («| T =
[[], F|;) of the frame to that face is the n-embedded frame of the simplex 7',
consisting of the restricted isomorphism af, and the frame ¥, := ¥, ;, i.e.
the restriction of the frame F to the induced face ayf: [I] < [m]. 1

EXAMPLE 1.1.60 (Frame restriction to simplicial faces). In Figure 1.16
we depict a framed 4-simplex, along with the restriction of its frame to two
simplicial faces. 1

FIGURE 1.16. Restriction of a frame to faces of a 4-simplex.

< Partiality matters. One may of course similarly define restrictions of em-
bedded partial frames of simplices, as follows.

CONSTRUCTION 1.1.61 (Partial frame restriction to simplicial faces of
a simplex). Let (a: S —» [k],F) be an n-embedded k-partial frame of the
m-simplex S, and let f: T < S be a simplicial face of that simplex. The
‘restriction’ (af,: T'—» [I], F|;) of the frame to that face is the n-embedded
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partial frame of the simplex T, consisting of the restricted degeneracy «f 7
and the frame F|; :== |, ;, i.e. the restriction of the frame ¥ to the induced
face anf: [I] — [k]. 1

REMARK 1.1.62 (Restricting partial frames via framed realization). As in
the case of embedded frame restriction in Remark 1.1.53, the embedded partial
frame restriction can be characterized geometrically, as follows. Consider
an n-embedded k-partial frame (S —» [k],F), with a framed realization
rg: |S| — R™. The restriction of the embedded partial frame, to a simplicial
face f: T — S, is the unique n-embedded partial frame of the simplex T', for
which the linear map rg o |f|: |T| <= |S| = R" is a framed realization. __|

1.1.2.2. The definition of framed maps.

ANALOG 1.1.63 (Linear framed maps). Given two framed vector spaces
V = R" and W = R", there is of course a unique map V = W strictly
commuting with the frame isomorphisms. However, we may consider a map
V — W to be compatible with the framings when, more generally, for each
vector v € V, either the map V — W commutes with the framings at that
vector, or the map V' — W sends that vector to zero. Similarly, for linear
embeddings V' < R™ and W < R", there is at best one map V' — W strictly
commuting with the embeddings; but we consider a map V' — W compatible
(with the framings witnessed by those embeddings) when at every vector it
either commutes with the embeddings or is zero. 1

We present the analogous combinatorial notion of framed maps of em-
bedded framed simplices: a simplicial map is framed when it preserves the
frame of every vector that is not degenerated.

DEFINITION 1.1.64 (Framed map of framed simplices). Consider n-
embedded framed simplices (S = [I],F) and (T" = [m],9). A framed
map F: (S =[l],F) —» (T = [m],§) is a simplicial map F: [[] — [m] such
that, for every vector v: [1] — [I] in the simplex [l], either its frame label is
preserved, i.e. |, = G| p,,, or the vector is degenerated, i.e. Fowv: [1] — [m]
is constant. 1

(We could of course have formulated the definition instead in terms of a
simplicial map F': S — T that is order preserving for the orders inherited
from the respective frames.)

There are two subclasses of framed maps worth distinguishing, namely
those whose simplicial map is injective or surjective.

TERMINOLOGY 1.1.65 (Framed faces). A ‘framed face’ is a framed map
F:(S=[],F) — (T = [m],S) whose underlying simplicial map F': [I] < [m]
is face map. Note that in this case the frame J is the restriction G|, of the
frame G along the simplicial map. 1

TERMINOLOGY 1.1.66 (Framed degeneracies). A ‘framed degeneracy’ is
a framed map F': (S = [I],F) —» (T = [m],G) whose underlying simplicial
map F': [l] = [m] is a degeneracy. 1
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NoTATION 1.1.67 (Category of embedded framed simplices). We will
denote the category of n-embedded framed simplicies and their framed maps
by FrSimp,,. (Note that the objects of this category have underlying simplices
of dimension at most n.) 1

OBSERVATION 1.1.68 (Epi—mono factorization of framed maps). Any
framed map of embedded framed simplices factors as a framed degeneracy
followed by a framed face, as follows. Let F': ([I],F) — ([m],G) be a framed
map of n-embedded framed simplices. The underlying simplicial map F': [I] —
[m] factors as a degeneracy g: [l] — [j] followed by a face f: [j] < [m].
Consider the restriction of the frame G to the face f as a frame H = §| f
of the intermediate simplex [j]; certainly the map f: ([j],H) — ([m],9) is
a framed face. Since the face f is injective, the degeneracy g degenerates a
vector v: [1] — [I] exactly when the composite F' = f o g degenerates that
vector; and when the maps g and F' do not degenerate v, the frame label
is preserved: M| ,, = Gl ;o50p = Slpo, = Fl,- Thus the map g is a framed
degeneracy ([1],F) —» ([7], H), as required. 1

ExXAMPLE 1.1.69 (Framed and non-framed maps). In Figure 1.17 we
illustrate three framed maps between 2-embedded framed simplices. The
left one is a simplicial face map (with highlighted image), the middle one is
a simplicial degeneracy (with highlighted affine kernel), the right one is a
general simplicial map (with indicated image and affine kernel). These maps
are framed since all the frame labels on nondegenerated vectors are preserved.

In Figure 1.18, by contrast, we illustrate three non-framed maps. The
first is again a simplicial face, the second a simplicial degeneracy, and now
the third is an unordered simplicial isomorphism. These are not framed
maps: in the first two maps, some frame label of a nondegenerated vector
is not preserved, and the third map is not even ordered. Note that in the
second case, the map is not framed even though all spine vectors are either
degenerated or have their frame label preserved, because the non-spine vector
frame label is not preserved; framed maps cannot be naively detected by
their frame behavior on spines. ]

FIGURE 1.17. Framed maps of framed simplices.

REMARK 1.1.70 (Framed maps via framed realization). Framed maps may
also be characterized more geometrically, in terms of framed realization, as
follows. Consider n-embedded framed simplices (S = [I], F) and (T = [m], 9),
with framed realizations r4: |S| < R™ and rg: |T| < R™. A simplicial map
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F1GURE 1.18. Non-framed maps of framed simplices.

F: S — T is framed exactly when, for any vector v whose translation vector
is mapped into ej by 74, its image w := F'(v) has translation vector mapped
into € U {0} by rg. 1

EXAMPLE 1.1.71 (Framed realization of framed maps). For each of the
three framed maps from Figure 1.17, we illustrate, in Figure 1.19, a framed
realization of the source and target, together with an indication of the
associated geometric map of subspaces of euclidean space, showing that the
frame type of each of the simplicial vectors is preserved (or degenerated). |

N >
e |

FIGURE 1.19. Framed maps via their framed realizations.

Framed maps either preserve the frame label of a vector or degenerate
that vector to a zero vector. There is a more general notion of ‘subframed
maps’, in which vectors may degenerate not just to a zero vector but to any
vector with a more specialized frame label. These maps have an especially
natural geometric description, as follows.

REMARK 1.1.72 (Subframed maps via framed realization). Consider
n-embedded framed simplices (S = [I],F) and (T = [m], 9), with framed
realizations rg: |S| < R"™ and rg: |T'| — R™. A simplicial map F: S — T
is ‘subframed’ exactly when, for any vector v whose translation vector is
mapped into ej by rg, its image w = F'(v) has translation vector mapped
into the closure € by rg. 1

Note that subframed maps may in particular send vectors with realization
in a positive component e;r into vectors with a realization in a negative
component €; C € (with j > i).

Of course we can also define subframed maps in purely combinatorial
terms.
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DEFINITION 1.1.73 (Subframed map of framed simplices). Consider n-
embedded framed simplices (S = [],F) and (T' = [m],§). A subframed
map F: (S = [I,F) — (T = [m],§) is an (unordered) simplicial map
F: S — T such that, for every ordered vector v: [1] < S = [I], one of the
following holds:

(1) The frame label of v is preserved, meaning that Fov: [1] = T = [m]
is an ordered vector with F|, = G|,

(2) The frame label of v is specialized, meaning that Fov: [1] — T = [m]
is a possibly unordered vector with F|, < g +(Fov)» Where & denotes
the sign choice making +(F o v) an ordered vector.

(3) The vector v is degenerated, meaning that Fov: [1] - T = [m] is
constant. —

The definition of subframed maps extends to the embedded partially framed
case, by insisting that any vector without a frame label is mapped either to
a vector without a frame label or to zero.

EXAMPLE 1.1.74 (Subframed maps). The first two maps in Figure 1.18,
though not framed, are subframed. In the first, the vector with frame label 1
is mapped to the vector with the (more specialized) frame label 2. Similarly
in the second, the non-spine vector with frame label 1 is mapped to the target
vector with frame label 2. The third simplicial map in that figure is not even
subframed, because the source vector with frame label 1 is mapped to an
antiordered vector with the same, rather than strictly more specialized, frame
label. If we modified that example so that the target framed 1-simplex had
the more specialized frame label 2, the resulting map of framed simplices
would be subframed.

In Figure 1.20 we illustrate the framed realizations of those first two maps,
along with the framed realization of the aforementioned modification of the
third map. In these geometric depictions, we see that a vector with a positive
coordinate in the 1-axial direction may specialize to a 2-axial vector, with

either a positive or negative coordinate, since the closure of the halfplane ei’
contains both the halflines e; and e, . 1
2 2 2
<<} + ( <<] - \ R o= I
R2 U. /’:’/ R2 R2 \\:‘ e
1 1 1

FIGURE 1.20. Subframed maps via their framed realizations.
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X Partiality matters. Note that the geometric characterization of framed
maps from Remark 1.1.70 generalizes to maps of embedded partially framed
simplices, by simply replacing the isomorphisms and linear embeddings by
degeneracies and linear maps. The corresponding combinatorial formulation
is as follows.

DEFINITION 1.1.75 (Framed map of embedded partially framed simplices).
Consider n-embedded partially framed simplices (S — [j],F) and (T" —»
[k],9). A framed map F: (S —» [j],F) — (T —» [k],9) is an (unordered)
simplicial map F': S — T that descends to a simplicial map F': [j] — [k] which
is a framed map F: ([j],F) — ([k],§) of n-embedded framed simplices. |

NOTATION 1.1.76 (Category of embedded partially framed simplices). We

will denote the category of n-embedded partially framed simplices and their
framed maps by PartFrSimp,,. 1
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1.2. Framed simplicial complexes

As elaborated in the previous section, our guiding analogy between
linear algebra and affine combinatorics transmogrifies vector spaces and
framed vector spaces into simplices and framed simplices. Patching together
vector spaces yields manifolds, and patching together framed vector spaces
yields framed manifolds; similarly, gluing simplices gives of course simplicial
complexes, and gluing framed simplices will give framed simplicial complexes.
An example of a framed simplicial complex is illustrated on the top left in
Figure 1.21; in this complex, each of the 2-simplices is framed, in such a way
that each shared 1-simplex inherits, by restriction, a well-defined 2-embedded
framing.

Patching framed vector spaces along open subspaces ensures a smooth
local triviality of the resulting global framing; by contrast, gluing framed
simplices along boundary faces allows for singularities in the resulting global
combinatorial framing. When no such singularities occur, the framed sim-
plicial complex is called framed collapsible; that term is apt because framed
collapsible complexes admit a sequence of elementary collapses degenerating
all the vectors of the complex in weakly descending frame label order (and in a
canonical progression within the vectors of a fixed frame label). For example,
the right half of the complex in the figure is framed collapsible: both the
1-frame and 2-frame vectors sweep out an uninterrupted and nondegenerating
pattern of frame directions on that half of the complex; and indeed the
indicated projection to R? is a non-singular embedding. By contrast, the left
half of that complex is not framed collapsible: the 2-frame vectors of the
left three 2-simplices alternate directions, conveying a degeneration of the
framing along the intervening 1-simplices; and indeed the indicated projection
to R? (which is characterized by restricting to a framed realization of each
component framed simplex) has a locus of combinatorial fold singularities.

The corresponding smooth situation, depicted in the bottom row of the
figure, is a generic map from a 2-disc to R?, having a 1-dimensional locus
of fold singularities and a single point cusp singularity. Away from the
differential singular locus, the tangential 2-framing of R? lifts to a 2-framing
of the 2-disc, but that 2-framing degenerates to a 1-framing on the fold
locus, and further degenerates to a O-framing at the cusp point. Altogether
the framed simplicial complex and its framed realization to euclidean space
provide a faithful combinatorial model of this classical singularity.

OUTLINE. In Section 1.2.1, we introduce framings on simplicial complexes,
as a compatible system of embedded framings of the constituent simplices.
In Section 1.2.2, we define collapsible framed simplicial complexes to be
those framed complexes that have a suitable sequence of elementary collapses,
degenerating the vectors in descending order of their frame labels; we then
mention progressive framed complexes as those that are locally collapsible.
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FIGURE 1.21. A framed simplicial complex and a differential
singularity.

1.2.1. Framings on simplicial complexes.

SYNOPsIS. We review the notions of unordered and ordered simplicial
complexes and their simplicial maps. We define a framing on a simplicial
complex to be a choice of embedded framing on each constituent simplex,
which are compatible under restriction to faces; we then introduce framed
maps of framed simplicial complexes as simplicial maps whose restriction to
each simplex is framed.

1.2.1.1. Unordered and ordered simplicial complexes.

TERMINOLOGY 1.2.1 (Simplicial complexes). A ‘simplicial complex’ K
consists of a set of vertices K(0) together with a subset K (i) C §£K(0) of
the vertex powerset, for each i > 1, with every ‘i-simplex’ 2 € K (i) having
cardinality 7 + 1, such that any subset of an i-simplex z € K (i) is itself a
j-simplex y € K (j), for the relevant j < i. ]

Fluidly considering a simplicial complex as both containing and consisting
of its simplices, we will write z: S — K (also just S — K) to mean
x: S — K(0) with im(x) € K (i), and in this case we will typically refer to
the simplex as x or S rather than as im(z) per se.

TERMINOLOGY 1.2.2 (Simplicial maps of simplicial complexes). For
simplicial complexes K and L, a ‘simplicial map’ K — L is a map of vertex
sets f: K(0) — L(0), such that for every i-simplex x € K (i), the image is a
j-simplex f(x) € L(j), for some j.

We denote the category of simplicial complexes and their simplicial maps
by SimpCplx. 1
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Of course the set of all subsets of a combinatorial simplex is a simplicial
complex, and so in this sense simplices are simplicial complexes.

A simplex of a simplicial complex, as a bare subset of the vertex set, is
unordered; as such, the above consistutes a notion of unordered simplicial
complex. Orderings of unordered simplices were crucial in our discussion of
framed simplices, and so orderings of unordered simplicial complexes will be
essential for our definition of framed simplicial complexes.

TERMINOLOGY 1.2.3 (Ordered simplicial complexes). An ‘ordered sim-
plicial complex’ K is a simplicial complex together with a choice of order on
the vertices of each simplex, which are compatible with one another in the
sense that the ordering of any simplex restricts to the ordering of any of its
faces.” ]

TERMINOLOGY 1.2.4 (Simplicial maps of ordered simplicial complexes).
For ordered simplicial complexes K and L, a ‘simplicial map’ K — L is a
map of vertex sets f: K(0) — L(0), such that for every i-simplex = € K (i),
the image is a j-simplex f(z) € L(j), and the map f|, :  — f(x) is order
preserving.

We denote the category of ordered simplicial complexes and their simplicial
maps by SimpCplx°™. _

TERMINOLOGY 1.2.5 (Unordering simplicial complexes). The ‘unordering’
K"" of an ordered simplicial complex K is simply the underlying unordered
simplicial complex, i.e. the one obtained by forgetting the order on each
simplex. ]

REMARK 1.2.6 (Unordered and ordered simplicial complexes as symmetric
and simplicial sets). We mention the relationship between combinatorial
simplicial complexes and presheaves on categories of simplices, though the
presheaf perspective will not be needed and this remark may be safely skipped.
Recall from Notations 1.1.2 and 1.1.3 and Terminology 1.1.4 the categories
A and A of ordered simplices and unordered simplices, respectively, and the
unordering functor u == (—)"": A — A between them. Let i : A™ C A and
i: A C A denote the wide subcategories containing the injective i.e. face
maps. Presheaves of sets on these four simplex categories are more and less
familiar as follows:

SSet = PSh(A)  simplicial sets
SSSet = PSh(A™)  semi-simplicial sets
SymSet = PSh(A)  symmetric sets
SSymSet = PSh(A™)  semi-symmetric sets
We have the restriction functors i*: SSet — SSSet and ¢*: SymSet — SSymSet
that forget degeneracies, and the restriction functors u*: SSymSet — SSSet
and u*: SymSet — SSet that forget permutation actions; the left adjoints 4

"As given, we conceive of these complexes as ‘locally’ ordered; by contrast a ‘globally’
ordered simplicial complex would be a complex with a partial order on the set of all its
vertices [RS71].
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freely adjoin degeneracies, and similarly the left adjoints w freely generate
permutation actions.

Ordered simplicial complexes embed (fully faithfully) into semi-simplicial
sets: assign to the ordered complex K the presheaf whose value at the ordered
simplex [m] is the set of injections [m] < K(0) which order-preservingly
delineate a simplex. Similarly, unordered simplicial complexes embed (fully
faithfully) into semi-symmetric sets: assign to the unordered complex K the
presheaf whose value at the simplex S is the set of injections S < K(0)
which delineate a simplex. Altogether then, we have the following diagram
in which the left square and the square of left adjoints commute.

/i!\
— SSSet SSet
N

) e
SimpCplx ———— SSymSet - SymSet .

it

SimpCplx°™d

In particular the adjoints u to the unordering of simplices u* provide presheaf
versions of the unordering functor (—)"" on complexes. -

1.2.1.2. The definition of framed simplicial complexes. Recall from
Definitions 1.1.40 and 1.1.41 that an embedded frame of an individual un-
ordered simplex S is an isomorphism a: S = [m] that orders S, together
with an embedded frame of the standard simplex [m], which in turn is an
injection F: spine[m] < n from the simplex spine into the numerals. Recall
also from Constructions 1.1.57 and 1.1.59 that such an embedded frame of
a simplex S restricts along a j-face f: T — S, to an embedded frame of
the face, given by the restricted isomorphism «f,: 7" = [j] and the restricted
embedded frame F|.

DEFINITION 1.2.7 (Framing of a simplicial complex). An n-framing of
a simplicial complex K is a choice of n-embedded frame (ag: S = [m], Fg)
for each simplex S < K of the complex, which are compatible in the sense
that for any face f: T < S, the restriction of the chosen frame of S is the
chosen frame of T, i.e. ap = a5|f and Fr = &’"S|f. ]

The restriction of an actual n-frame of an n-simplex to a proper face is of
course just an n-embedded frame. There is therefore no sensible notion of
a non-embedded frame of a simplicial complex; thus the preferencing of the
term ‘n-framing’ to refer to a collection of compatible embedded frames, as
above. Note that an n-framed simplicial complex has simplicies of dimension
at most n.

OBSERVATION 1.2.8 (Framing provides an ordering). In a framing of a
simplicial complex, by definition the collection of isomorhpisms ag: S = [m)]
is compatible under restriction to faces, and therefore consistutes an ordering
of the simplicial complex. 1
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In light of that observation, we may mildly rephrase the notion of framing of
a complex: a framing of a simplicial complex is an ordering of the complex
together with a compatible choice of embedded frames on its ordered simplices.
Similarly, if we have a complex already equipped with an ordering, the notion
of framing simplifies as follows.

DEFINITION 1.2.9 (Framing of an ordered simplicial complex). An n-
framing of an ordered simplicial complex K is a choice of n-embedded
frame F,: spine[m] < n of each ordered simplex x: [m] — K of the complex,
which are compatible in the sense that for an ordered face f: [[] — [m],
the restriction of the chosen frame of = is the chosen frame of xz o f, i.e.
T, xof = ?x| f _

CONVENTION 1.2.10 (Keeping orderings implicit). In discussing framed
simplicial complexes (K, «,F), consisting of a simplicial complex K, an
ordering « of the complex K, and a framing F of the ordered complex (K, ),
we will tend to suppress the ordering, denoting the framed complex by merely
(K,J) and considering the complex K, and so its component simplices, to be
implicitly ordered as convenient. 1

Recall that for an individual simplex, the frame labels of the spine deter-
mine the frame restriction to any simplicial vector, which in turn prescribe
the frame restriction to any simplicial face. Since the frame of a complex is
defined simplex-wise, a framed complex is similarly encoded by the frame
labels of its vectors.

TERMINOLOGY 1.2.11 (Frame labels and frame vectors). As for individual
framed simplices, the ‘frame label” of a simplicial vector v: [1] < K in a
framed simplicial complex (K, ) is the numeral F|,(0 — 1) € n. A ‘frame
k-vector’ is a simplicial vector whose frame label is k. ]

REMARK 1.2.12 (Frame vector notation caution). In drawing examples of
framed simplcial complexes, of course we specify the frame by just providing
the frame labels of the simplicial vectors of the complex. But note well that
an arbitrary labeling of the simplicial vectors of a complex with numerals
need not define a framing; one must check that the labeling determines a
valid frame on each simplex separately. 1

ExXAMPLE 1.2.13 (Framings and non-framings on simplicial complexes).
In Figure 1.22, we depict two 2-framed simplicial complexes. The framing
is indicated by the notation wherein edges with frame label 1, that is frame
1-vectors, have a single arrow, and edges with frame label 2, that is frame
2-vectors, have a double arrow. The left complex is a 2-sphere (in fact the
minimal triangulation thereof), and the right complex is a 2-torus (again the
minimal triangulation). (Notice that a manifold need not have a tangential
framing in the classical sense in order to have a combinatorial framing in our
sense; the point being that our more general notion of framing allows various
singularities of the framing. The notion of progressive framing described later
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is more closely analogous to the classical notion of (nonsingular) tangential
framing.)

In Figure 1.23, we depict on the left an unordered simplicial complex
that admits no 2-framing whatsoever. (As it happens, this is the minimal
triangulation of the real projective plane.) On the right, we have an or-
dered simplicial complex that admits no 2-framing. (This one is a minimal
triangulation of the Klein bottle.) 1

7\

N N
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FIGURE 1.22. Simplicial complexes with a 2-framing.

F1GURE 1.23. Simplicial complexes with no 2-framing.

Framed realizations into euclidean space are a convenient method for
visualizing framed simplicial complexes, as they were for individual framed
simplices. Recall from Definition 1.1.44 that a framed realization of an
embedded framed simplex is a linear embedding for which each frame i-vector
is mapped to a translation in the ¢th positive standard component.

DEFINITION 1.2.14 (Framed realization of a framed simplicial complex).
A framed realization of an n-framed simplicial complex (K, «, ) is a
linear map r: |K| — R™ (that is, a map that is linear on each simplex) such
that, for each simplex S < K, the restriction r| g : [S| — R" is a framed
realization of the framing (ag, Fg) of the simplex S. 1

EXAMPLE 1.2.15 (Framed realizations of framed simplicial complexes).
In Figure 1.24 we illustrate various 2-framings of a square simplicial complex,
along with corresponding framed realizations. 1

Note that not all framed simplicial complexes admit framed realizations in
R™. (For instance, the circular framing of the boundary of a 2-simplex is a
non-realizable 1-framed simplicial complex.)
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FIGURE 1.24. Simplicial complexes with 2-framings and their
framed realizations.

Recall the notion of framed maps of framed simplices from Defini-
tion 1.1.64. Maps of framed simplicial complexes are simply maps that
are framed on each simplex, as follows.

DEFINITION 1.2.16 (Framed map of framed simplicial complexes). Con-
sider n-framed simplicial complexes (K, F) and (L, §). A framed simplicial
map F: (K,%F) — (L,9) is a simplicial map F': K — L, such that for every
(ordered) simplex z: [k] — K, the restriction F'|,: ([k],Fz) — ([l],9y) is a
framed map, where y = im(F o x): [I] — L is the image of the composite
Fouzx. 1

We tend to refer to framed simplicial maps simply as ‘framed maps’. Note
that framed maps of simplicial complexes are order preserving (since their
consistuent framed maps on simplices are order preserving by definition).

NOTATION 1.2.17 (The category of framed simplicial complexes). We will
denote the category of n-framed simplicial complexes and framed simplicial
maps by FrSimpCplx,,. 1

NOTATION 1.2.18 (Unframing framed simplicial complexes). We will de-
note by Unframe: FrSimpCplx,, — SimpCplx the forgetful ‘unframing’ functor,
taking framed simplicial complexes and framed maps to their underlying
simplicial complexes and simplicial maps. ]

TERMINOLOGY 1.2.19 (Frame restriction to simplicial subcomplexes).
Let F be an n-framing of a simplicial complex K, and let f: L — K be a
subcomplex. The ‘restriction’ J|; of the framing JF to the subcomplex L
is the n-framing obtained by restricting the ordering of the complex K to
the subcomplex L, and restricting the framing itself to each simplex of the
subcomplex, i.e. (F|; )z = Ffop for x: [k] — L. 1

Of course, given such a frame restriction, there is a framed simplicial map
(L,T|;) = (K,F) from the restricted framed complex to the ambient framed
complex.
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REMARK 1.2.20 (Subframed maps of framed simplicial complexes). Recall
from Definition 1.1.73 that subframed maps of simplices, unlike framed maps,
may specialize frame labels. A ‘subframed map of framed simplicial complexes’
F: (K,F) — (L,9) is asimplicial map F': K — L, such that for every ordered
simplex z: [k] < K, the restriction F|,: ([k]"" = [k], Fz) — ([[]"" = [1], Gy)
is a subframed map, where y := im(F o x): [l] < L is the image of the
composite F' o xz. Note that, unlike framed maps, subframed maps need not
be order preserving. _

X Partiality matters. Our discussion of framings on simplicial complexes
would not be quite complete without mentioning the generalization to partial
framings, as follows.

DEFINITION 1.2.21 (Partial framing of a simplicial complex). A partial
n-framing of a simplicial complex K is a choice of n-embedded partial
frame (ag: S —» [k], Fg) for each simplex S < K, which are compatible in
the sense that for any face f: T < S, the restriction of the chosen frame of
S is the chosen frame of T 1

Note that a partially n-framed simplicial complex may have simplicies of any
dimension. Also note that, unlike Observation 1.2.8 for framings, a partial
framing typically does not determine an ordering on the simplicial complex.

ExAMPLE 1.2.22 (Partially framed simplicial complex). In the figure
at the beginning of the Introduction, we depicted a partial 1-framing of a
2-dimensional simplicial complex. Each of the eight 2-simplices has a 1-partial
frame with two 1-framed 1-simplex faces and one unframed 1-simplex face.
Indeed those partial frames are specified by the indicated degeneracy maps to
the respective 1-framed 1-simplices on the right. As the figure suggests, this
partially framed simplicial complex provides a combinatorial model of the
classical differential Morse singularity of index 1 (cf. the approach of discrete
Morse theory [For98|). 1

We will be concerned almost exclusively with the situation of non-partial
embedded framings, and henceforth for the most part forgo the routine of
describing the partial variations; nevertheless, the subsequent definitions in
this chapter may be suitably generalized to the partial case, as desired.

1.2.2. Collapsible framings.

SyNoOPsIS. We defined collapsible framed simplicial complexes as those
admitting a sequence of elementary collapses, consecutively degenerating all
vectors in weakly descending order of their frame labels, with every collapse
along the way satisfying a simplicial lifting condition and with every complex
along the way satisfying a unique framed simplicial extension property. We
then introduce progressive framed simplicial complexes as those framed
complexes that are locally collapsible.
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1.2.2.1. The definition of framed collapse. Recall that classically, an
elementary collapse of a simplicial complex is the simultaneous removal
of an open simplex and a free open face of that simplex; a complex is
collapsible when it admits a sequence of elementary collapses ending in a
point. Each elementary collapse is a simple homotopy equivalence and so
certainly a collapsible complex is contractible. Furthermore, a complex is
contractible precisely when it can be reduced to a point by a sequence of
both elementary collapses and elementary expansions (that is, the inverse
operation). We adopt a different approach to constructive collapsibility, where
instead of successively removing free simplices, one successively contracts
edges whose local combinatorial topology is suitably trivial. We will coopt the
classical terminology and refer instead to such edge contractions as elementary
collapses. Note a crucial technical distinction between these viewpoints is
that classical elementary collapses are not simplicial maps (but their inverse
expansions are), while our elementary collapses are simplicial maps (but their
inverse expansions are not).

We proceed to develop a framed analog of collapsibility. The component
operation of ‘framed elementary collapse’ will be the contraction of a ‘highest
frame vector’ (that is, a frame vector whose frame label is maximal across the
whole complex). A framed complex is framed collapsible when it admits a se-
quence of framed elementary collapses ending in a point, with each component
collapse satisfying a simplicial lifting condition and each intermediate complex
satisfying a framed simplicial extension condition. Because such a sequence
of collapses degenerates frame vectors in order, from highest to lowest, a
framed collapsible simplicial complex obtains a rigid moral geometry: there
are unique combinatorial ‘flow’ lines traversing the highest frame vectors, and
furthermore there are flow lines traversing the next highest frame direction,
which though are only determined up to discrete deformation by the highest
frame vectors, and so forth—altogether there is a hierarchy of combinatorial
flow lines in every frame direction, each of which is specified up to alteration
by higher frame vectors.®

Given a simplex of an ordinary unordered simplicial complex, one may
form a naive quotient complex, by simply identifying the vertices of the
simplex, as follows.

CONSTRUCTION 1.2.23 (Quotient simplicial complexes). Consider a
simplicial complex K, and a chosen simplex z: S — K. The ‘quotient
simplicial complex’ K/x has vertex set K(0)/S, together with those sim-
plices T C K(0)/S that are images of simplices of K (under the quo-
tient K (0) — K(0)/S). The vertex set quotient defines a simplicial map
¢z: K — K/z from the complex to its quotient complex. ]

8This hierachy can be made precise as a complete flag of combinatorial foliations of the
simplicial complex.
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Such a quotient is naive in the sense that it indiscriminately identifies simplices
in the complex that may not be homotopically related; in particular, this
quotient typically does not preserve the homotopy type of the geometric
realization. However, there is a convenient combinatorial condition that
ensures the quotient is better behaved; we restrict attention to quotients by
1-simplices.

TERMINOLOGY 1.2.24 (Admissible 1-simplex). A 1-simplex v = {a, b} of
a simplicial complex K is ‘admissible’ when the link link(v) is the intersection
link(a) N link(b) of its two vertex links. (The link link(s) C K of a simplex s
is the subcomplex consisting of simplices t € K that are disjoint from s and
for which the union s Ut is a simplex of K.) S

TERMINOLOGY 1.2.25 (Elementary collapse). An ‘elementary collapse’ of
a simplicial complex K is a quotient ¢, : K — K /v by an admissible 1-simplex
veK. ]

Note that an elementary collapse is in particular a simple homotopy equiva-
lence.

We can now introduce a framed version of elementary collapse, by insisting
on collapsing frame vectors with maximal frame labels, as follows.

TERMINOLOGY 1.2.26 (Highest frame vector). For an n-embedded framed
m-simplex (S = [m],J), ‘the highest frame vector’ is the unique vector
h¥: [1] — S whose frame label k is maximal among all the frame labels of
the simplex.

For a framed simplicial complex (K, ), the ‘highest frame number’ is
the maximal frame label £ among all the simplicial vectors of the complex.
For a complex with highest frame number &, ‘a highest frame vector’ is a
simplicial vector with frame label k. 1

EXAMPLE 1.2.27 (Highest frame vectors of framed simplices). In Fig-
ure 1.25, we depict a 4-embedded framed 3-simplex and a framed 4-simplex,
highlighting in each case the highest frame vector. 1

R

LN

FIGURE 1.25. Highest frame vectors of framed simplices.

TERMINOLOGY 1.2.28 (Framed elementary collapse). Consider an n-
framed simplicial complex (K,J). A ‘framed elementary collapse’ is an
elementary collapse K — K /v of a highest frame vector v of the framed
complex (K, ). 1
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For specificity, when the highest frame number of the complex is k, we may
refer to the collapse of a frame k-vector as a ‘framed elementary k-collapse’.
Framings descend along framed elementary collapses, as follows.

LEMMA 1.2.29 (Framed elementary collapses are framed maps). When
qv: K — K’ is a framed elementary collapse of a framed simplicial complex
(K, J), there is a unique framing F' on the complex K', such that the quotient
Gy 15 a framed simplicial map.

PROOF. For each simplex z: S < K’ of the quotient, choose a lift
Z: S — K; set the frame (S = [m], F,) to be simply the frame (S = [m], Fz)
of the lift. The only potential ambiguity occurs when there are two lifts &
and &, which differ at exactly one point and exactly by the highest frame
vector v. Since the frame label of v is maximal, the framings F3 and F;
are identical. Given that framing on the target complex K’, the quotient
K — K’ is framed by construction. O

ExAaMPLE 1.2.30 (Collapse of highest frame vectors). In Figure 1.26 we
illustrate four 2-framed simplicial complexes K with highest frame number 2,
and indicate a highest frame vector v in each of them. In each case, we depict
the quotient simplicial map ¢,: K — K/v. The first three cases are framed
elementary collapses, but the last case is not, because there the highest frame
vector is not admissible. ]

s
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FI1GURE 1.26. Collapse of highest frame 2-vectors.

Equipped with the notion of framed elementary collapse, we may define
framed collapsible complexes as those admiting a suitable sequence of framed
elementary collapses, eventually ending in a trivial complex, as follows.

DEFINITION 1.2.31 (Framed collapsible complex). A framed simplicial
complex (K, ¥) is framed collapsible when, either its highest frame number
is zero and the complex is a point, or its highest frame number k is positive
and the following conditions are satisfied:

(1) Inductive collapsibility. The complex (K, F) admits a finite sequence
of framed elementary k-collapses resulting in a framed collapsible
complex (K',F’) with highest frame number strictly less than k.
(We refer to the composite qx: (K, F) — (K',F') of such a sequence
as a ‘framed k-collapse’.)
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(2) Flow existence. For any m-simplex z: [m] — K’, and any vertex
a € K with collapse image g;(a) € im(z) C K’, there exists a ‘flow
section’ simplex Z: [m] — K (i.e. with ¢ o Z = ), containing the
vertex a.

(3) Flow uniqueness. For any simplex y: [m] < K not containing a
highest frame vector [1] < K, there exists at most one ‘positive flow
spacer’ simplex y*: [m + 1] < K, containing both y and a highest
frame vector v: [1] < K with initial vertex v(0) € im(x), and there
exists at most one ‘negative flow spacer’ simplex y~: [m + 1] — K,
containing both y and a highest frame vector v: [1] < K with final
vertex v(1) € im(x). 1

We say a framing of a simplicial complex is ‘collapsible’ when that framed
simplicial complex is framed collapsible, and we refer to a framed collapsible
framed simplicial complex simply as a ‘collapsible framed simplicial complex’.

ExAMPLE 1.2.32 (Collapsible framings). In Figure 1.27, we depict four
collapsible 1-framed simplicial complexes. These are all linear directed graphs
because indeed those are the only such complexes.

In Figure 1.28, we depict four collapsible 2-framed simplicial complexes
with highest frame number 2; in each case we show the framed 2-collapse to
a collapsible 2-framed simplicial complex with highest frame number 1. |

FI1GURE 1.27. Collapsible 1-framed simplicial complexes.
| | | |

Ficure 1.28. Collapsible 2-framed simplicial complexes with
their framed 2-collapse maps.

ExAMPLE 1.2.33 (Non-collapsible framings). In Figure 1.29, we depict
four 1-framed simplicial complexes which are not collapsible. In the first
case, the highest frame number is 0, but the complex is not a point. In
the second case, the framed 1-collapse is two points, and so the complex is
not inductively collapsible. In the third and fourth cases, the complex does
framed 1-collapse to a point, but fails the flow uniqueness condition.

Similarly, none of the 2-framed complexes in Figure 1.26 are collapsible:
the first complex fails the flow uniqueness condition; the second fails the
flow existence condition; the third is not inductively collapsible (it admits
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a framed elementary 2-collapse to a complex with highest frame number 1,
but that complex is not frame collapsible); and the fourth admits no framed
elementary 2-collapse.

In Figure 1.30, we show two more framed 2-complexes which are not
collapsible. The first complex fails flow uniqueness: the circled 1-simplex is
a face of two distinct 2-simplices, each having a 2-frame vector with initial
vertex in the 1-simplex. The second complex admits no framed elementary
2-collapse. In fact, these two 2-framed complexes have a common unordered
simplicial complex, which admits no collapsible 2-framing at all. ]

o o ® > * <o —> o :
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FI1GURE 1.29. Non-collapsible 1-framed simplicial complexes.

F1GURE 1.30. Non-collapsible 2-framed simplicial complexes.

NOTATION 1.2.34 (Category of collapsible framings). We will denote by
CollFrSimpCplx,, the full subcategory of FrSimpCplx,,, consisting of collapsible
framed simplicial complexes and their framed simplicial maps. ]

REMARK 1.2.35 (Contractibility of collapsible framed complexes). Framed
collapsible framed simplicial complexes are contractible. Indeed, by definition
such a complex admits a sequence of framed elementary collapses eventually
ending in a point, and each such elementary collapse is a simple homotopy
equivalence. ]

1.2.2.2. Progressive framings. Though our primary attention will be on
framed complexes that are altogether collapsible, we briefly mention the
class of framed complexes that are just locally collapsible. The resulting
notion of framed progressivity is a combinatorial analog of classical tangential
frameability.

TERMINOLOGY 1.2.36 (Stars). In a simplicial complex K, the ‘star of
a vertex’ p, denoted star(p), is the minimal subcomplex containing all the
simplices that have p as a vertex. 1

DEFINITION 1.2.37 (Framed progressive complex). A framed simplicial
complex (K,J) is framed progressive if, for each vertex p € K(0), the

restricted framing ¥,y on star(p) is collapsible. 1
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REMARK 1.2.38 (Collapsibility implies progressivity). Every framed col-
lapsible simplicial complex is framed progressive; one might imagine this
is the triviality of a global property implying a local one, but that is far
from the case. The implication follows from the later complete constructive
combinatorial classification of collapsible complexes in Theorem 3.1.2. |

EXAMPLE 1.2.39 (Progressive framings). In Figure 1.31, we depict two
progressive framings on simplicial complexes, both of which happen to be
manifolds. On the left is a progressive framing on the annulus, and on the
right is a progressive framing on the torus. Note that the earlier framing
of the torus in Figure 1.22 was not progressive, and had no progressive
sub-annulus. 1

\\

\\

FI1GURE 1.31. Progressively framed manifolds.

J)

EXAMPLE 1.2.40 (Non-progressive framings). In Figure 1.32, we depict
two non-progressive framings, one on the circle and one on the Md&bius band.
In fact, the Mdbius band admits no triangulation that has a progressive
2-framing. Another example of a non-progressive framing was the one on the
2-sphere in Figure 1.22. Indeed, that complex contains as a star subcomplex
the left complex in Figure 1.30, which we observed was not collapsible. Again,
in fact, no triangulation of the 2-sphere will have a progressive 2-framing. |

FIGURE 1.32. Non-progressively framed manifolds.
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1.3. Framed cell complexes

Simplices are the most elementary and restrictive class of shapes from
which we might assemble topological complexes. At an opposite extreme,
cells, glued by arbitrary boundary maps, provide in a sense the most flexible
and generalized class of shapes for constructing complexes. However, the cell
boundary structures in such general cell complexes can be rather wild, and no
matter their homotopical convenience, these shapes are uncombinatorializable
and therefore a complete nonstarter for a computable topological theory. The
minimal sane restriction is to the class of regular cells complexes, i.e. those
cell complexes for which all the attaching maps are injective; regular cell
complexes admit a completely combinatorial model as posets for which the
links of cells are spherical.

Similarly, framed simplices provide the smallest class of shapes for a
theory of framed topological complexes, and by contrast framed cells will
provide the largest reasonable class of shapes for such a theory. As we saw
in the previous section, a framed simplicial complex is of course a simplicial
complex with compatible framings on each of its simplices. Those framings
amount to a suitable positioning of the simplices with respect to the frame
structure of an implicit ambient euclidean space, and consequently induce a
local combinatorial flow in all the frame directions. Analogously, a framed
reqular cell complex will be a regular cell complex with compatible framings
on each of its cells. Those framings provide, informally, a positioning of each
cell in a framed euclidean space, and hence a locally foliating flow in each
frame direction. An example of a framed regular cell complex is illustrated
on the left in Figure 1.33; each cell is equipped with a single central arrow
indicating (by the number of arrowheads) the dominant frame direction of
the cell.

The notion of framing of a regular cell complex is made precise via
the notion of framing of a simplicial complex, as follows. A regular cell
complex has an associated simplicial complex, namely the unordering of
the nerve of the face poset of the cell complex. For example, in the figure,
the associated simplicial complex of the given cell complex is illustrated on
the right. The simplices of the simplicial complex are naturally grouped
according to which cell of the cell complex they assemble into. For a framing
of the simplicial complex to consistute a framing of the cell complex, we
need to insist the framings of the simplices within a cell are suitably uniform;
that uniformity is ensured by a local collapsibility condition. By definition
then, a framing of a regular cell complex is a framing of the associated
simplicial complex, that is collapsible on each cell. For instance, in the figure,
the simplicial framing indicated on the right is indeed collapsible on each
simplicial subcomplex associated to a cell, and altogether corresponds to the
cellular framing indicated on the left.

OUTLINE. In Section 1.3.1, we reconsider classical regular cell complexes
as cellularly stratified spaces, and recall an attendent combinatorial model
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FIGURE 1.33. A framed regular cell complex and its corre-
sponding framed simplicial complex.

of regular cell complexes as cellular posets. In Section 1.3.2, we define
framed regular cell complexes as combinatorial regular cell complexes with
a framing on an underlying simplicial complex, which is collapsible on each
cell; we illustrate such framed cell complexes, introduce their framed cellular
maps, observe they generalize framed simplicial complexes, and discuss their
attractive computability properties.

1.3.1. Regular cell complexes.

SYNOPsIS. We reconsider the classical notion of regular cell complexes
from the perspective of stratified spaces, and recall the corresponding com-
binatorial notion of cellular posets, which we will pointedly refer to as
combinatorial regular cell complexes. We then describe cellular maps of regu-
lar cell complexes and of combinatorial regular cell complexes, and mention
the functors taking a combinatorial regular cell complex to the underlying
simplicial complex, and conversely taking a simplicial complex to the face
poset combinatorial regular cell complex.

1.3.1.1. Regular cell complexes as cellular posets. Traditionally, a
regular cell complex is defined as a CW complex for which the attaching
maps are injective. We adopt a somewhat different perspective, in terms of
the resulting cellular stratifications, in anticipation of the attendent purely
combinatorial model of cellular posets.

Fundamental posets and stratified realizations. Recall, a stratified space,
also called simply a stratification, is a space equipped with a suitable de-
composition into disjoint subspaces called strata (see Definition C.1.8 and
surroundings). For any stratified space, there is an associated poset (namely
the fundamental poset) encoding the boundary relationships among the strata,
as follows.

TERMINOLOGY 1.3.1 (Fundamental posets of stratifications). Each strat-
ified space has an associated ‘fundamental poset’, whose elements are its
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strata and which has a generating arrow s — ¢ whenever the closure of
the stratum s intersects the stratum ¢. (The definition of a stratified space
includes the assumption that there are no cycles in that closure—intersection
relation.) 1

Conversely, for any poset, there is an associated stratified space (namely
the stratified realization) encoding the poset arrows as boundary relationships
of strata, as follows.

TERMINOLOGY 1.3.2 (Upper and strict upper closures). Given a poset P
and an element x € P, the ‘upper closure’ PZ% is the full subposet of objects
y € P with y > x; similarly, the ‘strict upper closure’ P~ is the full subposet
of objects y € P with y > «. 1

TERMINOLOGY 1.3.3 (Nerve and realizations of posets). Recall the ‘nerve’
NP of a poset P is the ordered simplicial complex whose k-simplices are the
chains of arrows of length k in the poset. The ‘geometric realization’ |P| of a
poset P is the usual geometric realization of the nerve N P. 1

CONSTRUCTION 1.3.4 (Stratified realizations of posets). Given a poset
P, the stratified realization ||P| is the stratification of the geometric
realization | P|, whose strata are the complements str(z) := |P=*| \ |P>*| of
the strict upper closures in the upper closures, for every element x € P. __|

The strata of the stratified realization of the poset P may alternatively be
described in terms of the ordered simplicial complex N P, as follows: for each
O-simplex x € NP, the stratum str(z) is the union of the interiors of the
geometric realizations of those simplicies whose minimal vertex is x; that
union is called the ‘open star’ of the vertex.

Recall that a stratified map of stratified spaces is a map of underlying
spaces that sends strata of the domain into strata of the codomain. Of course,
for any stratified map, there is an associated a map of fundamental posets.
Conversely, a map of posets has an associated stratified map of stratified
realizations.

CONSTRUCTION 1.3.5 (Stratified realizations of poset maps). Given a
poset map F': P — @, the stratified map realization ||F|| : ||P| — ||@Q] is
the stratified map sending each 0-simplex = € |P| to the O-simplex F'(x) € |Q)|,
and extending linearly to all other simplices. 1

Note that as a map of spaces, the stratified map realization || F|| is simply the
usual geometric realization map |F'|. (See Constructions C.1.52 and C.2.14
for an alternative description of stratified realizations and stratified map
realizations, in terms of convex combinations of poset elements.)

We will have immediate need of the following two mild reasonableness
assumptions on stratifications.

TERMINOLOGY 1.3.6 (Local finiteness; see Definition C.1.22). A stratifi-
cation is ‘locally finite’ when every stratum has an open neighborhood that
is the union of finitely many strata. ]



44 1. FRAMED COMBINATORIAL STRUCTURES

TERMINOLOGY 1.3.7 (Frontier-constructibility; see Definition C.1.25). A
stratification is ‘frontier-constructible’ when the closure of every stratum is a
union of strata. -

Regular cell complexes. With the notions of stratified spaces at hand, we can
introduce regular cell complexes, as follows.

DEFINITION 1.3.8 (Regular cell complex). A regular cell complex is a
locally finite, frontier-constructible stratified space, in which every stratum is
an open disk and in which the closure of every stratum is a closed disk. |

The strata of a regular cell complex are referred to as the ‘open cells’ of the
complex, and the closures of the strata are referred to as the ‘closed cells’ of
the complex.

EXAMPLE 1.3.9 (Regular cells). In Figure 1.34 we illustrate a few 2-
dimensional and 3-dimensional regular cell complexes; these happen to be
regular cells in the sense that they each have exactly one cell of maximal
dimension. 1
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FIGURE 1.34. Regular 2-cells and regular 3-cells.

NoTATION 1.3.10 (Fundamental posets of regular cell complexes). The
fundamental poset X of a regular cell complex X has an object x for each
open cell of the complex, and an arrow x — y whenever the closed cell ©
contains the cell y. 1

The fundamental poset is the opposite category of the classical ‘face poset’ of
a regular cell complex. (See Remark C.1.15 for an explanation of our choice
of variance here.) Every fundamental poset X of a regular cell complex X
is graded by dimension, in the sense that there is a functor dim: X — NP,
with discrete preimages, sending each cell to its dimension.

TERMINOLOGY 1.3.11 (Maps of regular cell complexes). A ‘map of regular
cell complexes’ is simply a map of stratified spaces; in particular the image
of every open cell is contained in an open cell. 1

REMARK 1.3.12 (Functoriality of fundamental posets). For regular cell
complexes X and Y, and any map of regular cell complexes F': X — Y, there
is a functorially associated poset map (F): (X)— (Y), taking each open
cell z C X to the open cell y C Y containing the image F'(z). 1
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Cellular posets. We now describe the class of posets that can be obtained as
fundamental posets of regular cell complexes. (See Terminology C.1.23 for
the notion of local finiteness for posets.)

DEFINITION 1.3.13 (Cellular poset). A cellular poset is a locally finite
poset (X, <), for which the geometric realization | X~7| of the strict upper
closure of any element z € X is homeomorphic to a sphere. 1

ExXAMPLE 1.3.14 (Cellular and non-cellular posets). In Figure 1.35 we
depict three cellular posets, while in Figure 1.36 we depict three posets that
fail to be cellular. (For simplicity, we only draw the generating arrows of the
posets.) Note that even when the upper closures P=% realize to topological
balls, it need not be the case that the strict upper closures P~% realize to
topological spheres. ]
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FiGure 1.35. Cellular posets.

FIGURE 1.36. Non-cellular posets.

PrOPOSITION 1.3.15 (Correspondence of regular cell complexes and
cellular posets). The fundamental poset and stratified realization constructions
provide a precise correspondence between regular cell complexes and cellular
posets, in the following sense:

(1) The fundamental poset of a regular cell complex is a cellular poset.

(2) The stratified realization of a cellular poset is a regular cell complez.

(3) Every regqular cell complex X is stratified homeomorphic to the strat-
ified realization of its fundamental poset, i.e. X = || X||.°

(4) Every cellular poset X is canonically isomorphic to the fundamental
poset of its stratified realization, i.e. X = || X||.

PROOF. Note that the fundamental poset of a locally finite stratification
is a locally finite poset, and the stratified realization of a locally finite poset
is a locally finite, frontier-constructible stratification. That the regularity
condition on a cell complex implies the cellularity condition on its fundamental
poset, and that the cellularity condition on a poset implies the regularity
condition on its stratified realization, and that stratified realization and

9The isomorphism is canonical up to stratified homotopy.
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fundamental poset are inverse operations in the indicated sense, are all
discussed in [Bjo84, §3|. O

We conceive of this correspondence between regular cell complexes (up to
stratified homeomorphism) and cellular posets, as a combinatorialization of
regular cell complexes by cellular posets. We emphasize this viewpoint by
introducing the following terminology.

TERMINOLOGY 1.3.16 (Combinatorial complexes). Henceforth, we use
the term ‘combinatorial regular cell complex’ as an unequivocal synonym for
‘cellular poset’. 1

When contrasting ordinary regular cell complexes with combinatorial regular
cell complexes, we may refer to the former as ‘geometric regular cell compelxes’.
However, eventually we will entirely elide the distinction and use ‘regular
cell complex’ to mean either combinatorial regular cell complex or geometric
regular cell complex, as context and perspective warrants.

Recall that the depth of an object « in a poset is the maximal length m
of a chain z = g — 1 — -+ — xz,, beginning at that object. In light of
the above complex—poset correspondence, we adopt the following geometric
terminology in the combinatorial context.

TERMINOLOGY 1.3.17 (Combinatorial cells, dimension, closures, bound-
aries). An element z of a cellular poset X is called an ‘m-cell’ or a cell ‘of
dimension m’, when it is of depth m. The upper closure X =7 is called simply
the ‘closure’ of the cell x, and the strict upper closure X~% is called the
‘boundary’ of the cell x.

When the cellular poset X has an initial object | x, which is an m-cell,
the whole complex is called a ‘combinatorial regular m-cell’ (or even just a
‘regular m-cell’ when no material confusion will arise). S

1.3.1.2. Cellular maps of regular cell complexes.

The definition. We consider a suitable class of maps of regular cell complexes,
as follows.

TERMINOLOGY 1.3.18 (Closure preserving maps of stratified spaces). A
stratified map is ‘closure preserving’ when it sends the closure of each stratum
onto the closure of a stratum. 1

DEFINITION 1.3.19 (Cellular map of regular cell complexes). A cellular
map of regular cell complexes is a stratified map between (geometric)
regular cell complexes that is closure preserving.'® 1

10Cellular maps in this sense have also been called ‘regular cellular maps’ in the context
of not necessarily regular cell complexes [LW69]. We omit the specification ‘regular’
because we are restricting attention to maps of regular cell complexes; note then that
our notion of cellular maps of regular cell complexes is much more restrictive than the
classical notion of cellular maps of cell complexes.
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NOTATION 1.3.20 (The category of geometric regular cell complexes).
We will denote the category of (geometric) regular cell complexes and their
cellular maps by CellCplx®. ]

The decoration 8 serves to indicate the objects are in fact stratified spaces,
and will be omitted in a moment when we shift attention to the corresponding
combinatorial category.

We may now extend the combinatorialization of regular cell complexes to
cellular maps.

TERMINOLOGY 1.3.21 (Closure preserving maps of posets). A map of
posets F': P — @ is ‘upper-closure preserving’ when it sends each upper
closure PZ% onto the upper closure F(P2%) = Q=F(@), ]

DEFINITION 1.3.22 (Cellular map of cellular posets). A cellular map of
cellular posets is a poset map between cellular posets that is upper-closure
preserving. 1

NOTATION 1.3.23 (The category of combinatorial regular cell complexes).
We will denote the category of combiantorial regular cell complexs (i.e. cellular
posets) and their cellular maps by CellCplx. 1

EXAMPLE 1.3.24 (Cellular and non-cellular maps). In Figure 1.37 we
depict (on the left) two cellular maps of regular cells, along with (on the
right) the corresponding maps of cellular posets. In each case we indicate
the map by coloring images and preimages in the same color.

In Figure 1.38, we depict two maps of regular cells that are cellular maps
of cell complexes in the classical sense but are not cellular maps of regular
cell complexes in our present sense; alongside each is the corresponding
non-cellular map of cellular posets. ]

eimmmemaneany ——0 — ‘<’.>‘
777777777777 ‘ .‘(ngln
G0 .4I>>. - ——e—e

FIGURE 1.37. Cellular maps of regular cells.

OBSERVATION 1.3.25 (Translation functors for regular cell complexes).
The fundamental poset construction (see Notation 1.3.10 and Remark 1.3.12),
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FIGURE 1.38. Non-cellular maps of regular cells.

and the stratified realization construction (see Construction 1.3.4 and Con-
struction 1.3.5), provide functors

CellCplx® . CellCplx . .
=1

REMARK 1.3.26 (The equivalence of geometric and combinatorial regular
cell complexes). One may just accept cellular posets as a reasonable, faithful
combinatorial substitution for regular cell complexes, or to make precise a
comparison between the geometric and combinatorial notions of regular cell
complexes, proceed as follows.

Restricting attention to locally finite stratifications and locally finite
posets, the fundamental poset construction yields a functor of topologically
enriched categories : Steaty; — Posy (see Construction C.2.20). Denote by
Cel(Cplx® the topologically enriched subcategory of Steatyy, given by geometric
regular cell complexes and their cellular maps. Similarly consider the (a
priori topologically enriched) subcategory of Poss, given by combinatorial
regular cell complexes and their cellular maps; due to the cellularly condition
on maps, that subcategory has discrete hom-spaces, and so is identical to the
ordinary category CellCplx.

The fundamental poset functor : CellCplxr® — CellCplx is a weak equiva-
lence of topologically enriched categories; we leave that assertion without proof
(and will not rely upon it). In particular, the space of cellular maps between
any two geometric regular cell complexes is homotopically discrete. 1

Representations of cellular posets. Recall the stratified realization || P|| of
a cellular poset P is the stratification of the geometric realization of the
nerve N P (considered as an ordered simplicial complex), by the open stars
of the vertices. In light of the functorial correspondence between regular cell
complexes and cellular posets, via the fundamental poset and the stratified
realization, we now have in fact three interchangable representations of any
given cellular poset, namely as the poset P, the ordered simplicial complex
NP, and the stratified space || P||. We therefore shift freely between these
perspectives, and permit the following stark abuse of notation.
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NoTATION 1.3.27 (Regular cell complexes). We will conceive of, refer to,

and illustrate a combinatorial regular cell complex variously as follows:

> As a cellular poset X € CellCplx.

> As an ordered simplicial complex NX € SimpCplx

> As a regular cell complex X € CellCplx®.
In particular, we actively suppress the stratified realization notation by
writing || X|| € CellCplx® as simply X. We tend to flag the ordered simplicial
complex representation as the nerve N X, but even there we may drop the
nerve designation and call it simply X. These abuses apply similarly to maps
of combinatorial regular cell complexes, wherein the notation F': X — Y
may refer to a map of cellular posets, of ordered simplicial complexes, or of
regular cell complexes, as context entails. ]

ord

ExAMPLE 1.3.28 (Representations of regular cell complexes). In Fig-
ure 1.39 we illustrate a geometric regular cell complex X (on the left),
together with its corresponding cellular poset X (in the middle), and its
ordered simplicial complex NX (on the right). We represent the ordering on
that simplicial complex by small blue arrows emanating from the vertices, in
order to make room for later framing notations. 1

\

|

%

FIGURE 1.39. A geometric regular cell complex and its corre-
sponding cellular poset and ordered simplicial complex.

TERMINOLOGY 1.3.29 (Underlying simplicial complexes of regular cell
complexes). Given a combinatorial regular cell complex i.e. cellular poset X,
the nerve NX is an ordered simplicial complex, and the unordering (N X)""
is of course an unordered simplicial complex. We call that last complex the
‘underlying simplicial complex’ of the combinatorial regular cell complex.
Of course, this association (N—)"": CellCplx — SimpCplx, of the underlying
simplicial complex to a combinatorial regular cell complex, is functorial. We
may further abuse notation by refering to the underlying simplicial complex
(NX)"" simply as X, as convenient. 1

A combinatorial regular cell complex has an underlying simplicial complex;
conversely, a simplicial complex may be interpreted as a combinatorial regular
cell complex, as follows.

CONSTRUCTION 1.3.30 (Simplicial complexes as combinatorial regular
cell complexes). For a simplicial complex K, define its ‘face poset’ FK
to be the poset whose objects are the simplices x of the complex, with
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a morphism z — y whenever the simplex y is a face of the simplex z."!
For a simplicial map of simplicial complexes F': K — L, define a map of
face posets FF: FK — FL by sending a simplex « € K to the simplex
F(z) € L. Together these associations yield a ‘face poset functor’, in fact a
fully faithful embedding, from simplicial complexes to combinatorial regular
cell complexes:*?

F: SimpCplx — CellCplx. 1

This inclusion of combinatorial simplicial complexes in combinatorial regular
cell complexes has an obvious geometric counterpart: geometric simplicial
complexes are certainly geometric regular cell complexes, whose closed cells
happen to be closed simplices.

Note well that considering a simplicial complex as a cell complex, via its
face poset, is by no means inverse to considering the underlying simplicial
complex of a cell complex; indeed the composite of those processes is a
subdivision, as follows.

TERMINOLOGY 1.3.31 (Barycentric subdivision of regular cell complexes).
Given a combinatorial regular cell complex X, its ‘barycentric subdivision’
is the combinatorial regular cell complex F((NX)""), obtained as the face
poset of the unordering of the nerve of the cellular poset X. There is a
map of posets F((NX)"") — X sending an object (zg — -+ — x}) €
F((NX)"") to the object o € X. The stratified realization of that map
is a stratified map [|[F((NX)"")|| — || X|| of regular cell complexes from
the geometric barycentric subdivision to the original geometric complex;
though not a homeomorphism of spaces, that map is stratified homotopic to a
coarsening (see Definition C.2.4), which we regard as a ‘geometric barycentric
subdivision’. 1

Piecewise linear cellularity. Recall that in the definition of regular cell com-
plexes appears the innocuous sounding but actually rather treacherous condi-
tion that the strata are, i.e. are homeomorphic to, disks; correspondingly in
the definition of cellular posets appears the condition that the realizations
of the strict upper closures are homeomorphic to spheres. The appearance
of those homeomorphism conditions compels us to distinguish ‘topologi-
cal cellular’ structures from ‘piecewise linear cellular’ structures (whether
geometrically or combinatorially considered), as follows.

DEFINITION 1.3.32 (PL cellular poset). A PL cellular poset is a locally
finite poset (X, <), for which the geometric realization | X~%| of the strict
upper closure of any element « € X is piecewise linearly homeomorphic to
the standard piecewise linear sphere. 1

This distinction is material, as the following remark emphasizes.

HThe variance here is chosen to align with our conventions for fundamental posets.
12Notice that if we enlarged the target to allow non-cellular maps of cellular posets, this
functor would no longer by fully faithful.
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REMARK 1.3.33 (Cellular complexes need not be PL cellular). Though
of course a PL cellular poset is a cellular poset, the converse is not the case,
i.e. there are regular cells whose boundary is not a standard piecewise linear
sphere. Indeed, there are triangulations of spheres that are not piecewise
linearly homeomorphic to standard piecewise linear spheres [Can79, Edw80];
adjoining a minimal element to the fundamental poset of such a triangulation
yields a poset that is cellular but not PL cellular. By contrast, eventually we
will find that framed cellular complexes are necessarily framed PL cellular.

]

1.3.2. Framings on regular cell complexes.

SYNOPsIS. We define framed regular cell complexes as combinatorial
regular cell complexes with a framing on the underlying simplicial complex
that is collapsible on each cell. We then provide various examples of framed
regular cells, utilizing a trio of illustrative notations, namely as ordered
framed simplicial complexes, as ordered realized simplicial complexes, and as
realized cell complexes. We observe that the highest frame vectors of a framed
regular cell form a single axel vector, and define framed cellular maps as those
cellular maps preserving or degenerating every axel vector. Next we mention
that framed simplicial complexes can be interpreted as framed regular cell
complexes via a framed face poset construction. Finally, we discuss the
computable tractibility, specifically the enumerability, recognizability, and
piecewise linearity, of framed regular cells, and conclude by introducing the
notion of n-directed acyclic graphs as those n-framed regular cell complexes
that admit a framed realization to euclidean space.

1.3.2.1. The definition of framed regular cell complexes. A combi-
natorial regular cell complex can be represented by its ordered simplicial
complex (obtained as the nerve of the cellular poset); the ordering keeps
track of which groups of simplices fit together into each cell of the cell com-
plex. Conceptually, a framing of a combinatorial regular cell complex should
consist of a frame structure on each cell (compatible with boundaries, of
course). Definitionally, that frame of a cell will be specified as a framing of
the underlying simplicial complex of the cell; we ensure that the framing is
suitably uniform across the simplices within a cell, by insisting the framing
of each cell is collapsible.

Though framed combinatorial regular cell complexes may be considered
as gluings of their individual framed combinatorial regular cells, there is no
economy is defining framings cell by cell rather than all at once, as follows.

DEFINITION 1.3.34 (Framing of a regular cell complex). An n-framing
F of a combinatorial regular cell complex X is an n-framing F of the
underlying simplicial complex, such that, for each cell x € X, the restriction
F| x>« is a collapsible framing on the closed cell xzz, 1

We refer to a combinatorial regular cell complex X together with an n-framing
F as an ‘n-framed regular cell complex’ (X, F); that is, in the framed context
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we expressly drop the word ‘combinatorial” from the terminology. Similarly,
we refer to a combinatorial regular cell with a framing as a ‘framed regular
cell’. Furthermore, we refer to the underlying simplicial complex together
with the framing (i.e. having forgotten the nerve order coming from the
cellular poset) as the ‘underlying framed simplicial complex’.

REMARK 1.3.35 (The two orders of a framed regular cell complex). To
forestall confusion, we emphasize that the underlying simplicial complex of a
framed regular cell complex has two distinct orders, namely the one obtained
by taking the nerve of the cellular poset, and the one induced by the framing
of the underlying simplicial complex. 1

EXAMPLE 1.3.36 (A framed regular cell complex). In Figure 1.40 we
depict the data of a framed regular cell complex (X, ), as follows. On the
left, we show a combinatorial regular cell complex X, represented as its
ordered simplicial complex N X; as in Example 1.3.28, the order is indicated
by blue arrows with solid heads. On the right, we show a framing F of the
underlying simplicial complex (N X)""; as in Example 1.1.25, the frame labels
are record by a multi-headed arrow notation. In the middle, the structures
are merged into a single picture containing all the data of the framed regular
cell complex.

In Figure 1.41 we illustrate the verification that this particular combi-
nation of order and framing indeed provides a framed regular cell complex.
In the middle, we highlight four cells x € X (two 1-dimensional and two
2-dimensional), and on the left and right depict the framed simplicial subcom-
plexes obtained by restricting the framing J to the closed cells X=% — X.
In each case, the framing is collapsible, as required. ]

FIGURE 1.40. A 2-framed regular cell complex.

T

F1GURE 1.41. Collapsible subcomplexes of a 2-framed regular
cell complex.
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TERMINOLOGY 1.3.37 (Framed cell complexes and framed cells). Since
we never consider framing structures on non-regular cell complexes, we will
henceforth typically abbreviate ‘framed regular cell complex’ to ‘framed cell
complex’ and similarly ‘framed regular cell’ to ‘framed cell’. 1

TERMINOLOGY 1.3.38 (Framed realizations of framed cell complexes). A
‘framed realization’ of an n-framed cell complex (X, F) is a framed realization
|X| — R™ of the underlying framed simplicial complex (in the sense of
Definition 1.2.14), which restricts to an embedding on each cell. 1

Framed realizations provide a convenient way to illustrate framings on regular
cell complexes, as follows.

ExXAMPLE 1.3.39 (Framed realization of a framed cell complex). In Fig-
ure 1.42, on the left, we re-illustrate the framed simplicial complex from
Example 1.3.36, together with a framed realization to R?. Recall that the
framing of a framed simplex is determined by a framed realization, in the
sense that the frame label of a vector is the index of the positive standard com-
ponent containing the corresponding translation vector; similarly the framing
of a whole simplicial or cell complex is determined by a realization. Thus we
could omit from the picture all the black frame arrowheads. Indeed, on the
right we depict a map from the corresponding geometric regular cell complex
to R2?, with no specific indication of frame vectors, but nevertheless with
the understanding that this map conveys the structure of the framing; this
illustration (and this method of illustration henceforth) can be considered an
informal relaxation of the corresponding formal simplicial depiction."® __|
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FIGURE 1.42. A 2-framed cell complex with a framed real-
ization.

EXAMPLE 1.3.40 (Framed cell complexes via the framed realization
image). When a framed realization of a framed simplicial complex is a global
embedding, then the image of the realization, as a bare simplicial complex in
euclidean space, contains all the framing data of the complex. Thus, when a
framed realization of a framed cell complex is a global embedding, to capture
the framed complex we need only record the simplicial complex realization
image together with the relevant grouping of those simplices into cells.

13In fact, the linear simplicial realization map can be reconstructed, up to contractible
choice of homotopy, from the relaxed nonlinear map.
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For instance, consider the front halves of the cell complex and the un-
derlying simplicial complex in Figure 1.33. Those (half) complexes project
homeomorphically into the plane of the paper; the projection of the simpli-
cial complex provides a framed realization, and the projection of the cell
complex provides a corresponding informal realization. In Figure 1.43 we
depict the images of those two maps. The right image by itself encodes an
underlying framed simplicial complex; the left image indicates the grouping
of simplices into cells and therefore completes the encoding of a framed cell
complex. However, note that the right image can be reconstructed from the
left by linear barycentric subdivision; thus finally the left cell picture by itself
represents a framed cell complex. 1

FIGURE 1.43. Framed realization of a framed cell complex.

By definition, a framing of a regular cell complex is a framing of the
underlying simplicial complex that is framed collapsible on every closed cell
subcomplex; we will be mostly concerned with framed regular cell complexes
that are not just locally but in fact globally collapsible, as follows.

TERMINOLOGY 1.3.41 (Collapsible and progressive framed cell complexes).
A framed cell complex (X, ) is framed collapsible when the framing F
of the underlying simplicial complex is framed collapsible in the sense of
Definition 1.2.31. Similarly, a framed cell complex is framed progressive
when the framing of the simplicial complex is framed progressive in the sense
of Definition 1.2.37. Usually we abbreviate these terms to simply ‘collapsible’
and ‘progressive’. 1

EXAMPLE 1.3.42 (Collapsible and non-collapsible framed cell complexes).
In Figure 1.44 we illustrate two framings of the same regular cell complex. For
the left framed complex, ignoring for a moment the red arrows, the framing is
determined by its framed realization, as described in Example 1.3.40. Observe
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that this framing is collapsible. Later, we will introduce the red arrows as
‘axel vectors’, encoding the direction of the highest frame vectors interior to
the framed cells; for now we include them merely as a graphic indicator of
the framed structure of some of the cells.

The right framed complex does not admit any framed realization em-
bedding. We therefore proleptically rely on the axel vectors to convey the
frame structure of all the cells. (Alternatively, consider the mutual under-
yling simplicial complex, take the framing from the left case, and flip the six
2-frame vectors occuring in the triangular closed 2-cell; that produces the
framed simplicial complex for the right case.) Observe that this framing is not
collapsible (and indeed not even progressive), since it fails the flow uniqueness
condition around each of the circled 1-cells. Notice this framed cell complex
is a coarsening of the framed simplicial complex shown in Figure 1.21. __|

FIGURE 1.44. Collapsible and non-collapsible 2-framed cell
complexes.

1.3.2.2. Examples of framed cells.

EXAMPLE 1.3.43 (2-Framed 1-cells). In Figure 1.45 we illustrate two 2-
framed 1-cells. In each case we give three distinct representations of the framed
cell. Each picture of type (1) employs the notation from Example 1.3.36,
namely displaying the ordered simplicial complex (ordered by the blue arrows)
along with the framing of the underlying simplicial complex (framed by the
black arrowheads). Each picture of type (2) displays a framed realization of
the underlying framed simplicial complex, along with the ordering of that
complex (encoding the grouping of simplices into cells). Each picture of type
(3) displays the image of an embedding of the cell in euclidean space, as a
schematic notation suggestive of the corresponding second picture type. We
will often depict framed cells simply by the third picture type, i.e. by a cell
embedded in euclidean space. 1

EXAMPLE 1.3.44 (2-Framed 2-cells). In Figure 1.46 we illustrate four
2-framed 2-cells, using the same triple of picture types from the previous
example. More examples of 2-framed 2-cells can be found in Figure B.1. __|
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FIGURE 1.45. 2-Framed 1-cells.
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FIGURE 1.46. 2-Framed 2-cells.

EXAMPLE 1.3.45 (Not framed 1-cells). It is not the case that any picture
more or less like those in the preceding examples determines a framed cell.
In particular, one can have a regular cell, together with a framing of its
underlying simplicial complex, that is not a framed regular cell, because it
fails in one or another way to be collapsible on some closed subcell. For
instance, in Figure 1.47 we depict two combinatorial regular 1-cells, with
framings of their underlying simplicial complexes, which fail to be framed
regular cells. As in the previous examples, each case is drawn in three distinct
ways, and now also the location of the failure of collapsibilty is circled. I

EXAMPLE 1.3.46 (Not framed 2-cells). Similarly, in Figure 1.48 we depict
three combinatorial regular 2-cells, with framings of their underlying simplicial
complexes, which again fail to be framed regular cells. Notice that in the first
case, the framed simplicial complex of the entire closed 2-cell is collapsible,
but nevertheless the restriction of the framing to each of the closed 1-cells is
not collapsible. The second case is similar, in that the framing restricted to
either the left or right boundary 1-cell is not collapsible. In the third case,
the framed simplicial complex of the 2-cell itself is not collapsible. ]
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FIGURE 1.47. Framings of simplicial complexes underlying
regular 1-cells that are not framed regular cells.
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FIGURE 1.48. Framings of simplicial complexes underlying
regular 2-cells that are not framed regular cells.

EXAMPLE 1.3.47 (The simplest framed 3-cell). In Figure 1.49, we depict
the 3-globe as a framed cell. As before, we use three parallel representations:
first, as an ordered simplicial complex with a framing of the underlying
simplicial complex; second, as a framed realization of the underlying simplicial
complex, with an ordering; and third, as a schematic realization of the regular
cell itself. 1

EXAMPLE 1.3.48 (Not a framed 3-cell). In Figure 1.50, on the left we
depict the combinatorial regular 3-cell corresponding to a 3-globe (as an
ordered simplicial complex), with a framing of the underlying simplicial
complex, which fails to be a framed regular 3-cell. Note well that the under-
lying framed simplicial complex here is identical to the underlying framed
simplicial complex in Figure 1.49, but the ordering is crucially different. That
ordering controls which simplices combine into the cells of the combinatorial
regular cell complex, and thus how the framing interacts with those cells;
though represented by tiny blue arrows, the ordering cannot be considered
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FIGURE 1.49. The simplest framed 3-cell.

incidental. This framing, when restricted to any of the 1-cells or 2-cells, as
indicated by the red circles, is not collapsible. On the right we depict a
corresponding schematic realization of the regular cell itself, which is again
essentially distinct from the schematic realization in Figure 1.49, and does
not represent a framed cell. 1

<

[

2

FIGURE 1.50. A framing of the simplicial complex underlying
the regular 3-globe that is not a framed regular cell.

EXAMPLE 1.3.49 (Framed 3-cells). The previous Example 1.3.47 is of
the simplest framed 3-cell; indeed its underlying regular cell complex is the
simplest regular cell decomposition of the 3-ball. Needless to say, framed
3-cells can be of various other shapes. In Figure 1.51 we illustrate (using the
method explained in Example 1.3.43) framings on three more regular 3-cells,
namely the remaining three 3-cells previously shown in Figure 1.34. 1

3
2

FIGURE 1.51. Framed 3-cells.
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ExAMPLE 1.3.50 (Not framed 3-cells). In Figure 1.52 we depict two
regular 3-cells, simplices in fact, embedded in euclidean space, which, though,
are not the framed realizations of any framed regular cells. Consider any
linear barycentric subdivision of either of these embedded cells; for the cell
to be framed, the subdivided embedded simplicial complex would have to be
the framed realization of a framed simplicial complex. However, notice that
there is a 2-simplex of that subdivision all of whose edges have frame label 1;
that is, of course, impossible for a framed 2-simplex. 1

1
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FIGURE 1.52. Realizations of regular 3-cells that are not
framed regular cells.
EXAMPLE 1.3.51 (More and yet more framed 3-cells). In Figure 1.53 we
depict a few more framed 3-cells, and in Figure 1.54 we depict yet more, with

increasingly exotic shapes. A larger and more systematic collection of framed
3-cells can be found in Figures B.2, B.3, B.4, and B.5. 1
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FIGURE 1.53. More framed 3-cells.

EXAMPLE 1.3.52 (A collapsible framed 3-cell complex). In Figure 1.55
we depict a collapsible 3-framed cell complex, made up of four framed 3-cells,
namely the first two framed 3-cells from Figure 1.54, together with a reflection
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FIGURE 1.54. Yet more framed 3-cells.

of each. This complex is geometrically dual to the Hopf circle, as indicated
by the blue curve traversing through the middle of each 3-cell, and as will be
explained much later on in Example 5.2.36. 1

D
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FiGURE 1.55. The framed 3-cell complex dual to the Hopf
circle.

1.3.2.3. Framed cellular maps. Recall that a framed map of a framed
simplicial complex is a simplicial map that restricts to a framed map on each
simplex; or, equivalently, it is a simplicial map such that, for every vector in
the complex, either its frame label is preserved or the vector is degenerated.
Since every vector is the highest frame vector of some simplex (if only the
vector simplex itself), this notion can be rephrased yet again as a simplicial
map such that, for the highest frame vector of every simplex, either its frame
label is preserved or the vector is degenerated. That last formulation provides
a template for the definition of framed cellular map of framed cell complexes,
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as a cellular map for which the highest frame vector of each cell is either
preserved or degenerated.

Axel vectors. In preparing that definition, then, our first task is understanding
the highest frame vectors of framed cells.

TERMINOLOGY 1.3.53 (Highest frame vectors of framed cells). Given an
n-framed cell (X, JF) with initial object x € X, the ‘highest frame vectors’ of
the cell are those 1-simplices of the underlying framed simplicial complex,
that contain x and whose framed labels are maximal among the frame labels
of the complex.

The ‘highest frame subcomplex’ is the simplicial subcomplex consisting
of the highest frame vectors. We refer to that subcomplex as the ‘axel’ or
‘axel vector’ of the cell (for reasons described presently), and denote it by
axel z. 1

REMARK 1.3.54 (The highest frame vectors form a vector). The highest
frame subcomplex axel z always contains exactly two vectors, and is iso-
morphic (with its frame order) to the linear simplicial complex (s——e——s);
moreover, the poset order of the subcomplex is isomorphic to the 1-cell poset
(+ <=« — ¢). In this sense, the highest frame vectors may be regarded as
forming a single (cell) vector, justifying the aforementioned terminology ‘axel
vector’. We will revisit and establish this claim in Observation 3.3.16. |

EXAMPLE 1.3.55 (Highest frame vectors and axel vectors of framed cells).
In Figure 1.56 we illustrate the highest frame vectors and axel vectors of some
framed 1-cells and 2-cells. In the first row, we depict the ordered framed
simplicial complex (representation of the framed cell), and circle the highest
frame vectors. Note that in every case, there are exactly two highest frame
vectors, one ending in the initial element of the cell and one starting at the
initial element of the cell. In the second row, we introduce a compact notation
for this situation, by drawing a single red vector in the corresponding realized
cell, representing the single axel vector of that cell. Note that the common
framing label of the two highest frame vectors is indicated on the axel vector
using the multi-arrowhead notation. 1
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FIGURE 1.56. Highest frame vectors and axel vectors of
framed 1-cells and 2-cells.
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EXAMPLE 1.3.56 (Axel vectors of framed cells). In Figure 1.57, we
similarly depict the axel vectors of several framed 3-cells. We also indicate
the axel vectors for selected cells on the boundary of these 3-cells. 1

______ , N2

FIGURE 1.57. Axel vectors of framed 3-cells.

The definition. The definition of framed cellular maps of framed cell complexes
now proceeds by analogy with that of framed simplicial maps of framed
simplicial complexes, as follows.

DEFINITION 1.3.57 (Framed cellular map of framed cell complexes).
Consider n-framed cell complexes (X,J) and (Y,9). A framed cellular
map F: (X,F) — (¥,9) is a cellular map of cellular posets F': X — Y,
such that for every cell x € X, either its axel vector is preserved, i.e. the
map restricts to a framed simplicial complex isomorphism (axel z, F|_ ., ..)
(F'(axel 2), G| p(axel 1)) OF its axel vector is degenerated, i.e. F(axelz) is a
point. 1

~Y

We often refer to ‘framed cellular maps’ simply as ‘framed maps’.

EXAMPLE 1.3.58 (Framed maps of framed cells). In Figure 1.58 we
illustrate three framed maps of framed cells; the maps are indicated by
highlighting image and preimage cells in the same color. On the left, each
map is depicted via its schematic framed cellular realization; on the right,
each map is depicted as a map of ordered framed simplicial complexes.
In each case, a pertinent axel vector is drawn in the relevant cell, and the
corresponding highest frame vectors are circled in the corresponding simplicial
complex. Notice these axel vectors are either preserved or degenerated, as
required. 1

EXAMPLE 1.3.59 (Not framed maps of framed cells). In Figure 1.59 we
similarly illustrate cellular maps of framed cells that are not framed maps.
These maps fail to preserve the axel vector, in the required sense; in each
case the failure is circled in the cell representation, as a discrepancy between
the image of the axel vector of a source cell and the axel vector of a target
cell. In the first case, the indicated axel 1-vector is sent to the inverse of the
axel 2-vector; in the second case, the indicated axel 2-vector is sent to the
inverse of the axel 2-vector; in the third case, the indicated axel 2-vector is
sent to an axel 1-vector. 1
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FIGURE 1.59. Cellular maps that are not framed.

REMARK 1.3.60 (Framed maps of cells are subframed on simplices).
Note well that given a framed map of framed cell complexes, the underlying
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simplicial map is not a framed map of framed simplicial complexes. Instead,
the natural structure of framed maps of framed cells produces subframed
maps of the constituent framed simplices (see Remark 1.2.20); that is, the
simplicial map need not preserve the frame order and it may specialize the
frame labels. This situation is more or less the raison d’étre for the notion of
subframed simplicial maps.

In Figure 1.60 we illustrate an example of a framed map of framed cells,
whose underlying simplicial map is not framed; the circled frame 1-vectors
are sent to frame 2-vectors or inverse frame 2-vectors. 1

FIGURE 1.60. A framed cellular map that is subframed sim-
plicial.

NOTATION 1.3.61 (Categories of framed cell complexes). We will de-
note the category of n-framed cell complexes and their framed maps by
FrCellCplx,,. The full subcategory of framed collapsible n-framed cell com-
plexes is CollFrCellCplx,,, and the fully subcategory of n-framed cells is
FrCell,,. _

1.3.2.4. Framed simplicial complexes as framed cell complexes. As
mentioned previously, geometric simplicial complexes may of course be con-
sidered as geometric regular cell complexes. Recall from Construction 1.3.30
the combinatorial analog of that consideration, namely the fully faithful
embedding F: SimpCplx — CellCplx, taking a simplicial complex K to its
face poset FK. We now describe the framed version of this embedding, from
framed simplicial complexes into framed regular cell complexes.

TERMINOLOGY 1.3.62 (Barycentric subdivision of simplicial complexes).
Given a simplicial complex K, its ‘barycentric subdivision’ is the simplicial
complex (N(FK))"", obtained as the unordering of the nerve of the face
poset of the simplicial complex K.'* There is no simplicial map from the
subdivision to the original complex (or vice versa) whose geometric realiza-
tion is a homeomorphism. Instead, we directly consider a homeomorphism
|(N(FK))""| 2 |K]| to be a ‘geometric barycentric subdivision’ when it takes
every geometric simplex |(zg — --- — x)""|, for simplices x; € K each with
face x;1, into the geometric simplex |zg|. 1

14This procedure should be contrasted with the barycentric subdivision of combinatorial
regular cell complexes in Terminology 1.3.31, which is instead obtained as the face poset
of the unordering of the nerve.
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CONSTRUCTION 1.3.63 (Framed face posets). For an n-framed simplicial
complex (K,F), define its ‘framed face poset’ to be the framed regular
cell complex (FK,FJ), whose cellular poset FK is the face poset (from
Construction 1.3.30), and whose framing FJ is specified as follows.

Suppose that the framed simplicial complex is a single m-simplex K with
an n-embedded framing &F. Consider any framed realization |K| < R", and
pick any geometric barycentric subdivision |(N(FK))""| 2 |K|. The framing
FJ is the unique framing of the underlying simplicial complex of FK, i.e.
of (N(FK))"", such that the composite map |(N(FK))""| & |K| < R" is a
framed realization.

Then for a general simplicial complex K with n-framing &, the framing
FJ on the cellular poset FK is determined by the framing (give as above) on
the cellular subposets FL < FK for each separate simplex L — K. 1

NOTATION 1.3.64 (Framed face poset functor). To a framed simplicial
complex (K, F), we can associate the framed face poset (FK,FJ) as in the
preceding construction; to a framed simplicial map F': (K,¥) — (L, 9), we
can associate the framed cellular map whose underlying cellular map of
cellular posets is the face poset map FF': FK — FL. Together these provide
a fully faithful ‘framed face poset functor’:

F: FrSimpCplx,, — FrCellCplx,,.

By construction, this functor descends, along the forgetful functors to sim-
plicial complexes and regular cell complexes, to the ordinary face poset
functor. ]

EXAMPLE 1.3.65 (Framed cell complexes of framed simplicial complexes).
In Figure 1.61, we depict two framed simplicial complexes and their associated
framed cell complexes (obtained as framed face posets). On the left we show
the two framed simplicial complexes along with their framed realizations. On
the right we show the two associated framed cell complexes (via their ordered
framed simplicial complexes) along with their schematic framed cellular
realizations. Notice that the cells of the framed cell complex correspond
exactly to the simplices of the framed simplicial complex; in the realization,
the cells are depicted with curved boundary to remind us that they are being
considered as cells not simplices (so a priori need not be realized by a map
linear on every boundary cell). 1

1.3.2.5. Tractability of framed cell complexes.

Enumerability for framed cells. The zoo of framed cells illustrated in Sec-
tion 1.3.2.2, and especially the more extensive menagerie in Chapter B, raises
the question of whether framed cells are a tractable class of basic shapes
upon which to develop a computable combinatorial theory. We remark, with
reference to later results, that framed cells are indeed tractable at least in
the algorithmic sense that they are decidably enumerable.
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F1GURE 1.61. Framed simplicial complexes and their associ-
ated framed cell complexes.

TERMINOLOGY 1.3.66 (Decidably enumerable). We will say a subset
S C T is ‘decidably enumerable’ if the set S is computably enumerable, and
the problem of whether an element of the ambient set 7' is in the subset S is
decidable. 1

REMARK 1.3.67 (Decidable enumerability from monotonic enumerability).
A computable enumeration of a set S (i.e. a finite algorithm listing all elements
of the set) is less useful, theoretically and practically, than it may sound.
Indeed, given some element of a larger set 7' O S, one cannot determine
whether it is in the subset by, for instance, comparing it one by one to
elements of the enumeration of the subset (since that procedure never halts
on elements of the complement 7\ \S); this issue remains even if the superset is
itself computably enumerable and even if the comparison is finite algorithmic.

However, if one has enumerations of both the subset and the superset
that are monotonic, in the sense that they are ordered with respect to some
suitably related complexity measures, then the subset is certainly decidable:
given an element of the ambient set, one only need compare to elements in
the enumeration of the subset up to some a priori bounded complexity. In
practice, we emphasize decidable enumerability, rather than enumerability
and decidability independently, because we will infer decidability properties
from sufficiently controled enumerations. 1

CONVENTION 1.3.68 (Computability claims refer to finite objects). When-
ever we will refer to an algorithmic property of a combinatorially defined class
of objects, for instance enumerability, decidability, recognizability, or com-
putability, we will be, completely without indication or comment, restricting
attention to the subclass of finite such objects. 1

REMARK 1.3.69 (Combinatorial regular cells are enumerable but not
decidably so). Recall a combinatorial regular cell is a cellular poset with an
initial object, and a cellular poset is a locally finite poset whose upper links
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are triangulated standard spheres. Finite cellular posets can be enumerated;'®
however, one manifestation of the computable intractibility of unframed
regular cells is they are unrecognizable. Indeed, spheres are famously unrec-
ognizable among simplicial complexes [VKF74, CLO06|, and in fact they are
also among upper links in posets. Thus cellular posets are not recognizable
among posets, and so in particular not decidably enumerable. (Hence, con-
cretely, neither cellular posets nor specifically regular cells are monotonically
enumerable: it is impossible to provide an algorithm for producing a list of
all regular cells with, for instance, a given number of boundary cells.) |

REMARK 1.3.70 (Framed cells are decidably enumerable). By marked
contrast with the unframed situation, framed regular cells can be decidably
enumerated (within the class of framed posets, that is posets with a framing
of their unordered nerve simplicial complex). Of course, enumerability is
plausible, based on the enumerability of regular cells: one need only enu-
merate framings on the underlying simplicial complex and algorithmically
check the cell-wise collapsibility condition. The novelty is the existence of a
recognition algorithm for framed regular cells: the presence of a combinatorial
framing (however singular) provides enough structure to computably decide
whether the upper links are spheres. Thus altogether framed regular cells are
decidably enumerable; that fact will eventually follow from the constructive
combinatorial classification of framed regular cells (established in Chapter 3)
by trusses (as developed in Chapter 2). ]

Beyond the instrinsic computability features, we might wonder about the
complexity of our class of basic shapes. For instance, the class of convex
polytopes is itself also decidably enumerable, but the enumeration is wildly
inefficient, for instance doubly exponential by testing abstract complexes for
convex geometric realizations using the Tarski-Seidenberg theorem [Grii03,
§5.5].

REMARK 1.3.71 (Framed cells need not be convex). Note that framed
cells typically do not have cellular realizations as convex polytopes (and so
neither their enumerability nor recognizability follows from that classical
case). For instance, in Figure 1.53, only the last of the six framed 3-cells
is realized by a convex polytope. Even more starkly, in Figure 1.54, the
first framed 3-cell is not even realized by a convex body, much less a convex
polytope. ]

REMARK 1.3.72 (Framed cells are efficiently enumerable). The afore-
mentioned constructive classification of framed cells will have an inductive
character, and thereby permit an enumeration that is not just decidable
but practical and efficient, for instance polynomial in the complexity of the
cell. 1

15Finite posets can be enumerated, and triangulations of the standard spheres can be
enumerated; a suitable diagonal algorithm provides an enumeration of posets satisfying
the link condition.
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Finally, recall from Remark 1.3.33 that another fundamental source of
unmanagability for unframed regular cells is that cellular posets need not be
PL cellular posets, i.e. their upper links, though topological spheres, need
not be piecewise linear spheres. Again, the addition of a framing circumvents
these impediments.

REMARK 1.3.73 (Framed cells are piecewise linear). If a combinatorial
regular cell admits a framing, then it is necessarily a PL cellular poset; in
particular its boundary is piecewise linearly homeomorphic to the standard
piecewise linear sphere. (Thus the notion of framed regular cell is just identical
to the notion of framed regular PL cell.) This fact will be recorded and
proven in the last corollary of Chapter 3. 1

We note that convex polytopes also have the virtue of being automatically
PL cells (see [Bjo84, Prop. 4.5ff., Thm. 6.1]). In these various senses
(enumerability, recognizability, piecewise linearity), both convex polytopes
and framed cells provide sane computable classes of cells for combinatorial
topology.

Decidability for n-directed acyclic graphs. We have concentrated so far on
the tractability of framed cells; we may consider more generally framed
cell complexes. Indeed, we have already, albeit obliquely, encountered an
especially well-behaved class of framed cell complexes, whose algorithmic
tractability we will investigate much later. We introduce this class of ‘n-
directed acyclic graphs’ and preview its properties as follows.

TERMINOLOGY 1.3.74 (n-Directed graphs). We will use the term n-
directed graph as a synonym for ‘n-framed cell complex’. This term is
meant to evoke that such an object is a higher-dimensional graph, i.e. a
complex, together with a suitably compatible choice of n directions on its
cells. The terminology also implicitly claims that this notion is a robust higher-
dimensional generalization of the classical notion of (1-)directed graphs.'®
When directedness is sufficiently clear from context, we may abbreviate ‘n-
directed graph’ to ‘n-graph’, but this latter term should not be confused with
the notion of unframed regular n-dimensional cell complex. 1

DEFINITION 1.3.75 (n-Directed acyclic graph). An n-directed acyclic
graph is an n-directed graph that admits a framed realization to n-
dimensional euclidean space. 1

Unpacking this definition via Terminology 1.3.74 and Terminology 1.3.38,
with Definition 1.2.14 and Definition 1.1.44 yields: an n-directed acyclic
graph is an n-framed cell complex (X, F) that admits a map | X| — R"™ from

16For convenience, we take the word ‘graph’ to allow multiple edges between the same pair
of vertices, and to exclude loops; that choice avoids the proliferation of the modifiers
‘simple’ and ‘multi’. In the higher-dimensional case, of course, the notion of ‘n-directed
graph’ similarly allows multiple cells with the same boundary, and excludes non-regular
complexes.
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the geometric realization to euclidean space, which is linear on each simplex,
respects the frame vectors (by sending them into the corresponding positive
standard components), and is an embedding on each cell.

TERMINOLOGY 1.3.76 (n-DAGs). We will further abbreviate ‘n-directed
acyclic graph’ to ‘n-DAG’. Of course, the term ‘n-directed acyclic graph’ im-
plicitly and boldly claims that this notion is itself a robust higher-dimensional
generalization of the classical notion of (1-)directed acyclic graph.”” We will
leave defending that claim to another time. 1

ExXAMPLE 1.3.77 (1-Directed and 1-directed acyclic graphs). In Fig-
ure 1.62, we depict on the lower left a 1-directed graph and on the upper left
a 1-directed acyclic graph. Their non-acyclicity and acyclicity, respectively,
are witnessed by the non-existence and existence of a framed realization to R!.
For better visualizability, we may consider both 1-complexes as 2-directed
graphs and consider whether they admit a framed realization to R%. The R!-
realization of the upper graph lifts along the projection to an R2-realization
as shown. The lower graph, necessarily, also fails to have a 2-dimensional

realization. ]
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FIGURE 1.62. Acyclicity and non-acyclicity of 1-directed
graphs.

REMARK 1.3.78 (n-DAGs have coarsest cell structures). A space that
admits a regular cell complex structure has in no sense a minimal or coarsest
such cell structure; equivalently, given a regular cell complex, there is no
coarsest complex in that homeomorphism class. Adding directedness is not
enough to improve the situation: given an n-directed graph, there is no
coarsest n-directed graph in its framed homeomorphism class. Remarkably
though, adding both directedness and acyclicity affects a qualitative change:
every n-directed acyclic graph is framed homeomorphic to a unique coarsest
such graph. We will revisit and establish this result toward the end of

17As in the previous footnote we have suppressed the modifer ‘multi’, but do allow parallel
edges or more generally cells. If for some reason one really wanted to exclude such, one
can simply add the condition that cells are determined by their boundaries.
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Section 5.3, leveraging finally the techniques developed in Chapter 3 and
Chapter 4. ]

REMARK 1.3.79 (Framed homeomorphis